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. Algebra, the logic. of Aritfannetic, or itim^egpsal 
reasoitiiig, is & science wbich tar surpasses. Ax^fbijai^f 
i^d Geometry in point of application,' these twd beimr 
clDefly Aindamaiw science, ^il^ Alg'eVtlBt iftot only 
investigates rules and theorems of its-o^ir/ httt}'^ 
an. admirable analysis, extends to ereipyf braiteUJof 
olftthefnatiiSal leammg, solving with aoquracy;(,;ba^^^y; 
iiki. elegance, the most abstrti^e and difficult pro t|lfjippi%. 
It was by the'iiid of this seienc^/ Combih^d with 
O^metry, that Newton settled the wht^^yM^of 
the visible world. Hence it is one mHT tiie'UlqisMikid 
portant studies, ^^.^^. ^H^ful aiid ekga]|;i^ ]iijb^jb^>toii 
be pursued diiririg thie period of educatiqPf, , , .^^. 

. * Of these truths, c^^^. ^^^ acq^iom^ witk-AlgGftrtW 
ihti^ be convinced. It is fhe^most re^nec^ sp^ieBi>f 
logic y atf ' expert Algebraist cannot feil to. b^<f^ 
atSite reasoner, not Only ili Ihe'afiiBlifk of' common, 
m^^ but in all purspits of Literatui»'«ikrPbi}^9^d^^.- 
S%Ie itself is characterised by an acquaintance with 
it. The certainty of its demonstrations allures the 
mind to a habit of clear and accurate reasoning, 
which is necessary, in order to keep the imagination^ 
in due subjection to the judgment, and prevents the 
understanding from becoming the dupe of our own 
weakness, or from being led captive by the wit and 
eloquence of others. 

If so important an art has been less taught than 
it deserves to be in ^e ordinary Education of British 
youth, the cause appears to be the want of a neat 
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AfcaEBltA'U the logic pt Arithmetic. It is an 
abfltiftdS6ti of Ifbose openttions/ of which Arithmetic 
is a^ ezempUficatioa of paiticiilars. He who mider- 
staii(^s Algebra must cmderatand Arithmetic, of which 
science it illustrates the reason of every operation. 
H^ce, Algebra is one of the most important studies, 
at once useful and elegant, which can be pnrsned 
duiinfif tiii period of educatiott. ' 

must b^jconyiniced^ . It is the most refined species of 
logic or... nniversal reasoning; an expert Algebraist 
cannot fail to be an acute reasoner, not only in the 
affairs of common life, but in all pursuits of Literature 
and I'hOosophy. Style itself is characterized by an 
acqttedxitance' with this science. The language of the 
Algebraist is more terse, his arguments more rele- 
vant, iUid his conclusions powerful and convincing ; 
on the other hand, the style of one who is ignorant of 
the ait^ is loose or turgid, and devoid of that inHnence 
on the xhind,' which the Algebraist always produces 
wilih dexterity and certainty. 

If so important ah art has been less taught than 
it deserves to be in the ordinary Education of British 
youth, the cause appears to be the want of a neat 
and compact Elementary Treatise, adapted to the 
practical use of the schoolmaster, and also, to that 
economy of price which schoolmasters are obliged to 
respect, for the satisfaction of parents* 
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and compact Elementary Treatise, adapted to the 
practical use of the Bchool-master, and also, to that 
economy of price which school-masters are obliged to 
respect, for the satisfaction of parents. 

Both these purposes will, it is presumed, be found 
to be effected by the present work ; the Author is 
himself a school-master, and, a teacher of the mathe- 
matics of nearly twenty years experience ; and having 
in his profession had the good fortune to acquire a 
fair reputation as a teacher, in one of the- most ^popu- 
lous towns in England, he may be presumed: to be 
qualified for the task which he has: uad^rtalgea.-T 
None l»xt school-maflters can-estimate a schocJt^iiBdii^te^s 
difficulties^' and few can have a' ehaBoe-<^'.veinoviBg 
them* but those wbahave felt them* ' rit is this oircpBa- 
stance whieti emboikiens IhQ Author of tibi«..ii^tis^ 
to calculate OTk lis suecess. ..He aflfeotS; to bav^viin^e 
no diSQoteriesj but cherishes the n^efi^t' i^^bUiQ)^ i^f* 
reQdering easy and' practicable the -acoujiremeDt :of '.a 
uaefiil and neqesscupy branch of knowlec^;e# m ' 

It need scarcely be remoilEed t6^teQ^^^ teaienifera^ 

that, before a youth commences this stbdr/ lie obgbt 

to be; moderately, acquainted wj^li iJaieliileinfEfi^ of 

Arithmetic, and especially versed in* the working of 

Fractioxis. These facilities may be acquired byioiy 

system of Arithmetic which, may be agreeable to ;|be 

maistter, for Algebra- is a science which grQWs ^ojpli^t 

die. general .pnncii>les. of Arithmetic, md itsslwJ^ 

may follow Jiiiy • method by wiuch those piiaetines 

are:tanght. 

• . ■ - ' ' 

ChMolcal, ComiD^eicial, and "MAthenuKtiica) * 

Acaidiimy, TrMUgto-Sttteiii'T^^ 
Jime, 18, 1829. 
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ALoEBfeLA. is the logic of Arithmetic It is an 
abstiiadion of those operations, of which Arithmetic 
is an exemplification of particulars. . He who under- 
stands Algebra must understand Arithmetic, of which 
science it illustrates the reason of every operation. 
H^ce, Algebra is one of the most important studies, 
at once useful and elegant, which can be pursued 
during the period ^f education. ' 

Of this traih, every one acquainted with Algebra 
must bQ convinced. It is the most refined species of 
logic or universal reasoning; an expert Algebraist 
cannot fail to be an acute reasoner, not only in the 
affairs of common life, but in all pursuits of Literature 
and Philosophy. Style itself is characterized by an 
acquaintance with this science. The language of the 
Algebraist is more terse, his arguments more rele- 
vant, and his conclusions powerful and convincing; 
on the other hand, the style of one who is ignorant of 
the art; is loose or turgid, and devoid of that influence 
on the inind, which the Algebraist always produces 
with dexterity and certainty. 

If so important an art has been less taught than 
it deserves to be in the ordinary Education of British 
youth, the cause appears to be the want of a neat 
and compact Elementary Treatise, adapted to the 
practical use of the schoolmaster, and also, to that 
economy of price which schoolmasters are obliged to 
respect, for the satisfaction of parents. 
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and compact Elementary Treatise, adapted to the 
practical use of the school-masterj and also, to that 
economy of price which school-masters are obliged to 
respect, for the satisfaction of parents. 

Both these purposes will, it is presumed, be found 
to be effected by the present work ; the Author is 
himself a school-master, and, a teacher of the mathe- 
matics of nearly twenty years experience ; and having 
in his profession had the good fortune to acquire a 
fair reputation as a teacher, ii^ one of the most 'popu- 
lous towns in England, he may be presumfdr to be 
Sualified for the task which he has: uad^rtalgea.-r 
Tone bat school-mflflters canrestimate « schocjtitn^tfli^s 
difficulties^' and few oan have a' ciliaQcie <^.rMnaviBg 
iheOh but those wbahave M% them. < rlt is' this oircpBeb- 
sti^ce which emboldens t^e Author. of Om.Ait^^i^ 
to calculate oikils success. : He aflfeotS: Xf> hav^^in^e 
no discoyeries^.buti^herishes the n^efi^: W^U^Q)^ P^ 
rendering easy and' practicable the acqu^remeDt :of ' a 
Hfleful and neoesscupy branch of la)owledger '/: ^ 

It need scarcely be jremaifed Min^el^g;^ teaxmifets^ 

that, before a youth commences ihis-ismo^^ 

to be moderately. -acquainted wjtih the-iElemfs^ of 

Arithmetic, and especially versed in' the wbrliing of 

Fractions. These facilitiea may be acquired byioiy 

system of Arithmetic which, may be agre^aUe tc);ip&e 

master, for Algebra- is a science which grow&.opt^i^)' 

the; general .pnncii>les. of Arithmetic, md its slii^y 

jpmy fi>Uow xAy . method by wiuch those pnaetitfes 

ans'tanght. . I . ' , 

. ■ ■ . ' * 
ChMical, ConnD^eicial, and ItfAthcnuttiinl! - 

AcflUtemy, TriifUg«r.8^iii' td^ 
June, 18, 1829. 
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ALoebiia is the logic of Arithmetic It is an 
absti'BelSon of those operations, of which Arithmetic 
is an exemplification of particulars. He who under- 
i^ands Algebra must understand Arithmetic, of which 
science it illustrates the reason of every operation. 
H^ce, Algebra is one of the most important studies, 
at once useful and elegant, which can be pursued 
during the period of education. 

Of this traih, every one acquainted with Algebra 
must b^ convinced. It is the most refined species of 
logic or universal reasoning;, an expert Algebraist 
cannot fail to be an acute reasoner, not only in the 
affairs of common life, but in all pursuits of Literature 
and Philosophy. Style itself is characterized by an 
acquaintance with this science. The language of the 
Algebraist is more terse, his arguments more rele- 
vant, and his conclusions powerful and convincing ; 
on the other band, the style of one who is ignorant of 
the ait, Is loose or turgid, and devoid of that influence 
on the inind, which the Algebrust always produces 
with dexterity and certainty. 

If so important an art has been less taught than 
it deserves to be in the ordinary Education of British 
youth, the cause appears to be the want of a neat 
and compact Elementary Treatise, adapted to the 
practical use of the schoolmaster, and also, to that 
economy of price which schoolmasters are obliged to 
respect, for the satisfaction of parents. 



vi 



Bodi these purposes will, it is presumed, be 
found to be effected by the present work ; the Author 
is himself a schoolmaster, and a teacher of the mathe- 
matics of nearly twenty years experience ; and having 
in his profession had. the good fortone to acquire a 
fair reputation as a teacher, in one of the most popu- 
lous towns in England, he may be presumed to be 
qualified for the task which he has undertaken.^ — 
None but schoolmasters can estimate a schoolmaster's 
difficulties, and few can have a* chance of removing 
them but those who have felt them. It is this circum- 
stance which emboldens the Author of this treatise 
to calculate on its success. He affects to have made 
no discoveries, but cherishes the useful ambition of 
rendering easy and practicable, the acquirement of a 
useful and necessary branch of knowledge. 

It need scarcely be remarked to intelligeut 
teachers, that before a youth commences this study, 
he ought to be moderately acquamted with the Ele- 
ments of Arithmetic, and especiisdly versed in the 
working of Fractions. These facilities may be ac. 
quired by any system of Arithmetic which may be 
agreeable to the master, for Algebra is a science which 
grows out of the general principles of Arithmetic, and 
its study. may follow any method by which those 
principles are taught. 
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1. The Sign + {plus) signifies that the quantity 
to which it is prefixed, is to be added. Thus o + «,' 
(pronounced a plus x) denotes that x, or the pumber 
or quantity vfhich it represents, is to be added to a. * 

2. The Sign — {minus) signifies that the quantity 
to which it is prefii^ed, is. to be subtracted. - Thus 
a — X (pronounced a minus x) denotes that jt, or the 
number which it represents, is'to be subtracted from a. 

N. B. The quantities to which the Si&:n + is prefixed are 
called positive, and t^ose to which the ^gn — is prefixed ar# 
called negatiye quantities. But a quantity without a Sign in 
always positive. 

3. The Sign x. {H^Hplieatum) signifies that the 
quantities between which; it , stands, are to be multi- > 
plied together. Thus ax x, (pronounced a multi- 
plied by a;^ or a into x) makes ax. The product of 
single letters is expressed by \mting them down one - 
after the other. Thus, the product of a, h, and c, is 
abe, or it may be, bca, or cba, or acb, or b<ie, or oab, the 
product not being affected by taking any of the letters 
first ; — see the fSlowing example in figures : — 

Let it be required to find the product of 4 and 6 ? 

4 or 6 

^ ..--... 4 

24 . 24 

Here the product is the same when 4 is made the 
multiplicand and 6 the multiplier, as when 6 is made 
the multiplicand and 4 the multiplier. 

■ ■ ■ 'a2 
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2 DEFINITIONS. 

4. The Sign . {a period) is frequently used for x , 
thus a . X denotes that a is to be multiplied into a?, and 
makes ax, as in de^tidn J3; Also, (aH-'ir) . (a + x), 
or which is the same thing (a + x) x (a + x), 
denotes that a + a? ia to be multiplied ij a + x, 

6. The Sign -7- {division) when placed between 
twQ.qnantitie^ denotes; that . t^e first quantity is to be 
di?ided by the second. Thus a-i^x signifies that u is 

to be divided by x, ox-^ has th0' sanie sighificatiori.' 

Also, (rt .+ a?) -^ (a — x), or J_ . signifies^that 
a +' a? is to be dividM Djr a—o6l^ 

.6.;TheSign • as, or /(?, and M 50 t>, .^ignifieq an 
equaiky of ratio. Thus a I h \\ c\ d, denotes that a 
has th^ same iritiQ to h that c has td d; and read or 
pronounced, as a is to 6 so is c to ^. 

7. The Sign == {equaliijr)'*^en pl^d between 
two quantities, mgnifies that Uiey axfe equalin Value. 
'nixi8'4'+ 6=9, denotes that 4 sidd^d to 6 ik equal to 
9 ; also, 4—1=3, denotes thdt 1 bfeiiig stibtracted 
from 4, the remaiiider is equail'tb'31 

8. Th^ po)¥ers pf Algebraic quantities are expressed 
by. placing, a ^rnall figuije voyer the quantityj, «quiv^ 
lent to the number of factors, which is called the 
index of the power. 

Thus, XXX signifies the square of x, and is ex- 
pressed by . . . . ♦ • • a?* 

XXX XX •••• the cube of a:, .•••byar^ 

• xxxx:txx .. the fourth power of x, by x^ 

, — ' a?"» denotes x in the m^^ power, &c. &c. 

■^?vC^'"H^')^C^+^) ^^^iSiJs' the sqiiare of. a+x, 
and is expressed by (a + a:) S^ 01; a^x\'^y {x-^y), 
(a*+y). {x-\-y) signifies the cube of a?+y, aiid is ex. 



PEFINrnONS; S 

pressed tims (ar+y)', or ar+yjf^; andspon for the 
4th, Sth^ or any other power. These sm^ll iSg^res are 
called the indices. 



N. B. A letter or any quantity without a small figure pl^d 
^er the right hand cornc 
Thus X is luie same as x^, 



orer the right hand corner, is supposed to have 1 for an index. 
X is luie 



9. The Sign \/ : denotes the square ro^ of thc^ 

quantity to which it is prefixed. Thus, \/ 25^ digni- 
fies that tJie square root of 25 is to be extracted, or 
I being placed over the right hand comer has th« 
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same effect. Thus, 26f^ signifies that the square root 
of 25 is to bq taken.. 

Therefore a/~^ or | signifies the square root. 

V or I the cube root. 

V or f . •...;; i tJie 4th root. 

V or 4- • •••..• ► the 5th root. 

\/ or « the n^h root, &c. 

..■■,,-"r 7, 

10. The fraction f prefixed to a quantity, as a^, 
signifies that the square of the cube root of a is to be 

taken, or 8^ signifies that the cube root of '8 is to be 
extracted, which is 2, and then the 2 to be squared; 

which is 4 ; therefore, S"^' is equal to 4. 

, • ■ ■ 

Also, 83" denotes the 5th power of the cube root of 8. 

5 

Also, 16p denotes the 5th power of the 4th root 
ofl6, &c. 

Or thus, 

a^ signifies that a, or the quantity which it denote^,, 
is to be squared, and the cube root of that power to; 

A3 



HMftStTfttiH^. 



be extilacted; also, 8"? deiote^ that 9 is ib t'e sdtrairid, 
wfect is 64, then tiiecutie i6ot of thfe 64 to be fex- 
tracted, which is 4, &c. 






li. The coefficient of a quaiiuty is tlie nuinber or 
letter prefixed to it, and signifies how often the other 
is .to. be taken. Thus, 6x^ signifies that the x^ is to 
be take^ fiv6 tifnes ; here 5 is the co^ci^t to the ir», 
and the small ^ over the x is caBed the index, and 

is read, five times x sqiiated. Also, 4 ^x, 6r 4aHr* 
4 being the coefficient, and d^6te^ fbli^ times the 
square root of or. 

N. B. When any quantity stands without t^ coi6fllci6iit as or, 
it is supposed to hare 1 for a coefficient, for a: being the same 
as l.r. 

12. Quantities, are^ said to bj3 like which, differ 
only in their coefficients. Thus, 4a; and — 2x are like 
quantities, l5a* and 4'^*- are /t^^ qiaantities. But ^a 
and 3x are unlike quantities, a aUd x betbg different. 

13. An irrational or sujrd quantjity^is. that which 
has no exiBu;t root, and can "only be exj)res'sed by a 

radical sign or fractional index; as ^^8, or 3"^; or 
a/x, or x'^, &c. 

14: Simple quantities are those which consist of 
on^ , ,term only, as 4x, 5y, 4xy, &c. ; and cbmpoond 
quantities, are those which consist of several terms, 
as a 4- a?, 3a: — 4y,. x^ + 2xy +yS ^-c 



15. A vinculum is a parenthesis ( ), or bar ^ "" •• , 
used to collect several qii^^tie^ into one ; as {x+y) 

x«, oTJc+yka, signifies that the cotop6undqqtentity 
x-^y is to be tliultiplied by the'sim^e-qumtity U. > 



k <■ 



i6. f he reciprocal of any quantitjr or number* is 
that quantity or number inverted ; as the reciprocal 

of a: is i; the reciprocal of-^is-^ ; the reciprocal of 
5 is'^ OS .2i and so on. 

17. The Sign . • . stands for therefore. 



ADDITION. 

AnDiTibN of Alg^ebri'id performed by connecting 
the quantities together by^ their proper signs, and 
may be divided into three cases. 

CASE I. 

Rule. — When the quantities are like ( Def, \2. ) 
with the same si§n, viz, all + or all — , add the eoejfi' 
dents into one sunty to which adjoin the letters common 
to each term, and prefix the sign» 





1 




EXAMPLES. 








+ 


6a 


4a? 


— 3a?y 


2a;3p- 3a? -f- 


4a 


+ 


4a 


3a; 


— 4a;y 


2xy — 


4ar+ 


6a 


+ 


da 


6x 


— 7a?y 


7a?y — 


ar+ 


Ad 


+ 


2a 


7x 


— 6xy 


9a?y— 


7x+ 


9a 



-^l6a* 19a? —20xy 20a;y— 15a;+23a 



* The ifeasd'a of this rule is obvioas, for 2a added to da^ 
make 5a ; and 5a added to 4a, make 9a, and 9a added to Ca, 
msdte 1^. 

'^^k¥^ ill Addition to begin at the bottom of the left 
hand column, as in the 4th question, begin witii 9xy, 



8 



ADDITION. 



— 2xy 
Sax 
+ 2ary* 
xy 

3ax 
— 4aa:* 



EXAMPLES. 

I 

X ^+ xy 
Sa + xy* 
xy — 3xy^ 
12 — 4a__ 

'2xy^ + 4x/x 
—2xy 



2ax — xy + 2xy^ — 2xy^ + 8 + 2xy — a + 5x'^ 



X^y 


x^+2xy+ y* 


^6 — \/ax+ x^ 


xy^ 


J 

a — Sax — x'^ 


X* + ^y — * a 


Zxy^ 


\/ X +2aa:— ar* 


Sx^-^ 4xy^ 2a 


2x^y 


Sx^^2xy+2x^ 


—4a? +2-v/aar — a^ 


2x y» 


Ay^+6ax—S2 


^a — 3>v/a? +12 



4.x y 
Sa X 
-2x^y 


Sx^ — 2xy+5z 
2x + ax+Sb 
4x^Sxz'--A 


4a+bx — c 
3ar— 4y+« 

4c -{-xy — z 


6x y* 


7x^+2ay — 5a 


— bx-{'Xz+4 


6a b 


x^'\-2xy — 6z 


3y+4ar — y^ 



* In the first example, — 4ar, Sox, and 2a9, are like quanti- 
ties, which by case second make Sax, Also, xy and -^fbsy, are 
like quantities, which by case second make — xy ; and the re- 
maining quantity 2xy^, must be placed in the line with its 
proper sign, as above. 



SUBTRACTION. 



SUBTRACTION. 

BuLE. — Change the signs of the qtiantities to be 
Subtracted,, or conceive them to be changed ; and 
collect them together as in Addition. 







EXAMPLES. 


Ax 


3a— 2a? 


+a: 3x^+ 2y-\-\/x 


2x 


2a+Sx 


— x — 2x +\/x — 6 



2x 



a — 6x 



2x 



3x^+ 2y+2x + 6 



Ax^—Sa 
a:*+2a 



2x^'\-Axy+2y' 
x^-^2xy+ y' 



2xy'\-Sa 
-2a +xy 



3\/x+y+Ay 2\/x — y+3y^ x^ -\'2ax+y 
-2A/x+y — 2y 2^X'\-y — y^ x^+2ax — a 



* In example second^ 2a, which is to he suhtracted from do, is 
eonccdyed or called — 2a, then hycase second in Addition, their 
difference will be a. Also, +^f which is to be subtracted 
from — 2Xf is conceired or called — 3ar, then by the same case 
their ^ff^rence is •^5ar. 



10 SUBTRACTION. 

1. From a?* — xy take xy — y*, 

Ans. x^ — 2xy+y'^. 

2. From |a+a?y take f« — ayy. 

Ans. T^+2ary. 

3. From 6a take 2a? + 1. 

Ans. 6a — ^2.r— 1 . 

4. From 25 — ^3ar take one quarter of that quantity. 

75— 9a: 

Ans. — : 

4 



MULTIPLICATION. 

Multiplication of Algebra, aa in Condon Arith- 
metic, is finding the product.of two or more quantities, 
and is commonly divided into three cases* 

CASE I. 

When the quantities are both simple. 

^ Rule. — Multiply the coej^cients..of...thei.quaniilies 
together, and annex all the letters in both quantities, or 
their powers : prefixing the sign +- jor — : ta ..the .jpro^ 
duct, according as the quantities have like, or unlike 
signs. 

In Multiplication, 2fie sig^ .pjco^nce- +«<.4A^ unUke ^^igns 
-— , that is, if the mnltiplicand and multipJUei^.be bptli +r or 
Both — , the product "vriU he + ; but if pne , he +, and . the 
other — , the product will he minus, see notes 3rd .wQd .4th. 



MULTIPLICATION^. 1 1 



2a 
3a: 


3a.T? 
6axy 

Ax^z 
2x^y 

Sx^ya 


EXAMPLBfi. 

3a 
Aa 

12a» 

3ar* 
— 5a:^ 


—2 

—8 

2a?^ 


— 3a: 
—2a 


6ax 


+6ax 


3x 
— 4y 


2x 

X 


— 12a:y 


—15a? 


—2a:** 


2x»+^ 



1. In the 1st example both the quantities are +, therefore, 
the product is plus, and is performed as follows, viz. 2x3=6, 
and axx=^a^9 hence «br wing annexed to the 6 makes the 
product 6ax, 

2. In the 3rd example, 3x4=12, and aXa=fl "'' =a^; 
therefore the product is iSa* ; a' being the same as a, every' 
letter, without an index, is supposed to have 1 for an 
index, hence, multiplying the same letters or their powers 
together is nothing more man adding their indices together. 

Thus, aXa=a»X«*=a^"^^=a2; x2Xas=:j:^'*'^=ar»; -ar'Xa:* 

=:r^+^=ar^ ; ar^Xx^=:r*'+'^=xA+"^=:r'^, &c. 

3. When minus and -plus quantities are to be multiplied 
together^ .as in the 4th. example^ viz* •— 2x+4 make^^ — 8f it 
being the same thing, as adding four times — 2 together, which 
will make — 8. 

4. In the 5th example both the quantities are minus ; then 
since Sa?— 3a=:0, .*. (3ar — 3a:) X — ^2a= ^-6aar+6a2=0, because 
0, multiplied by any quantity, produces nothing ; and since 
the Utterm of the |«oduet, Tiz. arX— 2ci, (by note 3) makes 
— 6axi therefore tl:^ 2nd product, viz. — -S^rx-*-^ must make 
6ax, otherwise the whole product — 6ax-h6ax cannot be equal 
to nothing. 

B 



12 MULTIPLICATION, 

1. Multi23ly 3ax by 2ay, 

2. Multiply Sxyz by abc, 

3 7 

3. Multiply 4ar^ by x^ 

4. Multiply 3x^y by — STy"^^. 

5. Multiply — ^ar* by — a?**. 

CASE n. 

Wlien one of the quantities is a compound, and 
the other a simple quantity. 

Rule. — Multiply each term of the compotmd quantity 
by the simple qtmniity, beginning at the left hand orfirsi 
term of the compound quantity, and proceeding to the 
right hand or last term ; placing the quantities or pro- 
ducts one after another with their proper signs. 





EXAMPLES. 


2.r +3a 
2,v 


4a '- — x"^ 
Box 

I2a*j?-— 3a.r3 


a?* — 2xy + y"^ 
2xy 


4x*+6<M? 


2a?^y— 4a?»y* +2xy^ 


3.r^ + 3a 


+2a?y 


1 
2x — 2a?y + y^ 


'. 4a?* 


,1 


-3y^ 


>> 

12.r4;4-12ax 

• 


*+8a?3y 

1 


— ^^T + 6^4 — 3y 




MULTIPLICATION. 13 



2x-\-y 5a?"^-f 2a?y+y* — x^+2xy+y 

3x 2x'^ — .r 



% 



4x'^ — yz — abx x^ — 3x*y+3xy* — y^ 



2x^ x^ 



CASE in. 

ft 

When both the factors are compound quantities. 

^vi:E.^^-Multiply each term of the multiplier, into every 
term of the multiplicand, beginning at the l^t hand and 
proceeding to the right, as in case 2nd, setting doivn these 
products one after another with their proper signs; 
then add them together by the different cases in Addition, 

EXAMPLES. 

2x + 3 y X + y 

Sx + 2 y X + y 



6x^+ 9xy x^'{-xy 

^oey+ey^ xy+y'' 



6x^'{-lSxy+6y^ x^^2xy+y' 



Surd quantities, under the same radical sign, are multi- 
plied as rational quantities ; only the product must be placed 

under the same radical sign. Thus \/9x^7=\^9 x 7=v/63, 

\/ax*/x=^aXf \^4a^x^x^/Qax=z^2ia^.T^, &c. see example 
fourth which is solyed. 



i 



14 MULTIPLICATION. 

x^ — ^2a7y+ y* 4\/ a+ \/a: y 



x^ — ^2a?*y+ rcy^ 8\/aa?+2-v/a7*y 

— x*y+2a:y* — y^ -—A^^az — \/xyz 



x^ — 3ar*y + 3<a:y* — ^y^ S-y/ OJ? + 2 \/ar^y— 4\/ a^ — s/xyz 



1. Multiply 0? — y by a?+y. Ans. a:* — y^ 

2. Multiply a?^+2a?y+y' by ar+y. 

Ans. a?^+3a7*y+3a?y*+y^ 

a ■ 1 

3. Multiply x'^'{-xy^ by x — y. 

5 I 4 4 

Ana. X* + 07^^^ — ^a?'^y — xy"^ 

4. Multiply \/xy — y/at by V'«.T4--v/^y. 



Aps. \/aa^y — »^a?xz + ^y^ 6a?y^ — \/ a6y s. 

J i__ 

5. Multiply J+y by i — \. Ans. a-s ^,2 

6. Multiply a:"» + y*» by ar+y. 

Ans. x'^'^^ +ary'*+J^"*y+y"'^* 



I>I VISION. 

Division of Algebraic quantities, as in coftimon 
Arithmetic, is. the reverse of Multiplication, and is 
commonly divided into three cases. 

CASE I. 
When the quantities are both simple. 



DIVISION. 15 

KuLE. — Divide the coefficient of the dividend, by the 
coefficient of the divisor, to obtain the coefficient of the 
quotient ; expunge the letters which are comvwn to both 
quantities, and place the remaining ones to the coeffi- 
cient of the quotient* 

If the signs of the diyidend and divisor be like, the sign of 
the quotient will be + > but if the signs be unlike, the sign of 
the quotient will be minus. 

In simple quantities, place the divid^id above a small line, 
and the divisor under it, in the manner of a vulgar fraction. 

, EXAMPLES. 

1. Diride 4ar» by 2a:. 

2x)4x^ 4x* 

or — 2j7, 

2x 2x 



2. Divide I2axy by 4x. 

4x)l2axy 12axy 

or — day. 

Say Ax 



3. Divide x by — x, 

X 



— X 

4. Divide ?5!f.' by f^ 

^ax ax 

Here i^^^-.2aV^a^_2aV ^o^^ 
6ax ' ax 6ax 4x 20ax^ 10 

5. Divide -?f by ^^ 

3 5a 

TTprp ^^v^ 6a lOax 6a , . j. ., . 
nere — j-- x-»--5=- .= — (as in fractiofls). 

3 4a^ I2x^ 6x 
b3 



4 



16 .DIVISION. 

EXAMPLES FOR PRACTICE. 

1. Divide I2ax by 4a, Ans. 3^. 

2. Divide I6xyz by Sxyz^. Ans. 6z^. 

3. Divide — 27«V by 9ax\ Ans. —3ax. 

4. Divide 56aa? by — Sa^x^. Ans. — Ta'^ar'^. 

5. Divide -^£f. by _2i Aiis. — 

4x 4a 3x* 

CASE II. 

When the dividend is a compound quantity, and 
the divisor a simple one. 

Rule. — Divide each term of the dividend by the 
divisor separately, and the resulting quantities, with tJieir 
prQper signs, will be the quotient required, 

EXAMPLES. 

1. Divide 2xy+4ar^ by 2x. 
2x)2xy+4x^ 



y+2x 



2. Divide Sx^y — I2xy'{-4x^z by 4xy. 
4xy)Sx^y — 1 2xy -\- 4x^z 



2x — 3 + f? 

y 



Such terms in the dividend, of which the divisor is not a 
common multiple, may be placed as a fraction, see example 
second. 

If the dividend be a simple quantity, and the divisor a com- 
pound one, they may be placed as a vulgar fraction, see ex- 
ample fourth. 



DIVISION. 17 



3. Divide 6a?y— 4a:3y+8a?y by —2xy. 
— 2xy)6a^f'--ix^y + Sxy 

— 3ary +2a^ — 4 



4. Divide xhy a+z. 

Here (by note) -^ the quotient. 

a-\- z 

EXAMPLES FOR PRACTICE. 

1. Divide 4ar^+6a?y by 2x, Ans. 2x-\-dy, 

2. Divide I2xy^- 6a?y +30a:y2: by— 6a:y. 

Ans. — Sy + a'y^ — 5z. 

3. Divide — 6ax — 3a^x^ — I5a'x' by — Sax. 

Ans. 2 + ax+ 6a'x^, 

4. Divide fH? by ?f^ Ans. fZ;^ 

5. Divide 9a:'y — 12flx+ 14a?y by 4a;y. 

A«o 9 a 14 
4 y 4 

CASE in. 

When the divisor and dividend are both compound 
cjuantities. 

Rui£. — Arrange both the divisor amd dividend ac^ 
eopdinff to the powers of the same letters, begimting 
with the highest power ; then find how often the first 
term of the divisor, is contained in the first term of the 
dividend, and place the result for a quotient, observing 
that if the first term in the divisor, and the first term in 
the dividend, have like signs, the term in the quotient 
will be plus, if unlike signs, minus. 



18 DIVISION. 

Multiply each term in the divisor by this quantity, 
and place the product under the corresponding terms in 
the dividend ; then proceed as in subtraction. To the 
remainder, briny dovm the next term, or as many terms 
as may be wanted. 

If there be a remainder after the division, it must be 
placed in the quotient, in the form of a vulgar fraction, 
with its sign placed before it, as in examples Ath and 6th, 

EXAMPLES. 

.1. Divide x^ — da^y+Sxy^ — y^ by a: — y, 

X — y)x^ — Sx^y + 3a:y* — y'(^' — Sary + y' 
xr^ — x^y 



-2x^y+3xy'^ 
-2ar^y+2xy^ 



xy^^ 
xy^^ 



In this example the terms are arranged according to the 
rule, beginning with x^, 

1. The first term,x, of the divisor, and the first term, sfi, of 
the dividend, have like signs, and x is contained in x^, x- 
times ; therefore^ s^ will be the first term in the quotient. 

2. Multiply X — y, by s^, and it gives sfi — x^, 

3. Subtract o^ — x^y^ from t? — 3a:^, and there remains 
— 2ar2y; to this remainder, bring down the next term -j-Sxy*. 

4. Here the first term of the dividend, — ^2a,2y, is a minus 
quantity, and the first term, d?, of the divisor, is plus, that is, 
they have uvXtke signs, and ce being contained in — 2d?^y, — ^SLvy 
times ; therefore, the term in the quotient will be — %cy, 

5. Multiply and subtract as before, and the remainder will 
be x-f- ; to this remainder bring down the next or last term y^, 

6. a being contained in xy'^, +y^ times, put this term in the 

?[uotient and proceed as above; then the quotient will be 
bund to be a^ — ^vy\-y^. 
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x+y)a:^+2xy+y%x + y 
ar*+ ^y 

xy+y"^ 
xy-\-y^ 

3. Divide 6a:H13a7y + 6/ by 2ar+3y. 

2a: + 3y)6a:H 13a7y+6/(3a:+2y 
Qo(^-\- 9xy 

4xy+6y^ 



4. Divide a:^— 9a,-2+27a>-^0 by 37—3. 



x^--:3x'' ^—^ 



—6.rH27.x- 



9.r--30 
9a:— 27 



5. Divide a^^+l by x — 1. 

x—l)x^^l{x+i-^ ^ 



ySt ,^. X 1 



ar+1 



In the fourth question, — - 3 remains, hence, according to 
note at end oi the rule, it is placed in the quotient in the form 
of a fraction, with its proper sign. 




20 DIVISION. 

6. Divide a? by a?-f y. 



y y^ f 





X r 


X^ 0^ 


—y 


f 




y- 


X 






f 






X 






y^ f 






— 4~ 






X X' 






f 






x" 






t 


t 




x^ 


x" 



f 



x" 



3 3 i 3 -J ^ 

7. Divide ar' + x'^y^ + y' by a?* + a;^y * + y^. 

3333 33 3 333 

x^ -f 07 *y^ + y^)x 3 -f ar^y^ + y 3 (ar^ — x^y^ + y^. 

a:^ + x^y"^ + x'^^y'^ 



9 3 

— a^y^'\-y^ 

3 3 3 3 fi. 

— ^x'^^y'^ — x'^y'^ — x^y * 



+ x^y^ 4- ar^y * + y 
+a7*y*+a7^y^+y 



INVOLUTION. 21 

EXAMPLES FOR PRACTICE. 

1. Divide x^ — 2a^+y^ by x — y. Ans. x — y, 

2. Divide xH3ar^y+3a?y'^+y3 by ar+y. 

Ans. x^-\-2xy-\-y^, 

3. Divide 6j?*— 96 by Sa;— 6. 

Ans. 2x^ -j- 4arH 8^ + 1 6. 

4. Divide 1 by \—a, Ans. l+a+a^+aHa*, &c. 

07+0 a: + fc 6x'^-\-QaX'\- or 

6. Divide 2^11^ by -g^- Ans. 2x^-24'-' 



INTOLUTION. 

Involution is the raising of powers, or the method 
of finding the square, cube, biquadrate, fifth power, 
&c. of any given quantity. 

Rule. — Multiply the given quantity into itself, as 
many times as there are units in the power, less 07ie, 
and the last product will be the power required. 

If the sign of the quantity to be raised be +, all its powers 
Avill be + ; if — , the powers will be + and — alternately. 

The sqnare of x, is + at X -\-x=:x^; tlie square of 2a:' is 
-\-23i^X +2x2 or 4x*; the square of — ^2d7is — 2jrx — 2xz=:4x^ ; 
(by note third to Case I. in multiplication) the cube of — 2x is 
— 2j?X— 2irx— 2j=:4»8x— -20? or — &p8, 

EXAMPLES. 

Suppose X a quantity or root to be involved. 

f Then x^ will be its sqnare, 

x^ ........ cube, 

X* 4th power, 

x^ ....,•.. 5tb power, 
x^ 6th power, &c. 



« 



22 INVOLUTION. 

Also, suppose — ilx, a quantity to be involved. 

Then 4x^ will be its square, 

— 8x^ . ♦ • .cube, • 

16a?* '4th power, 

— 32ar* 5th power, &c. 

2ar 

Also, suppose -^ §7 a quantity to be involved. 

4x^ 
Then q g will be its square, 

~27V ^^^^' 

qY^ »•••••»• 4th power, &c. 

Suppose a+y, to be the root or quantity to be 
involved. 

a+y 
a +y 

ay+7/ 

a^+2ay+y\the square, 
a+y 

a^+2a^y+ay^ 

a^y+2affy? 

aH3a2y+3ayH2r* tlie cube. 



I » » r 



a*+4a^y-+-6a^y*+4ay^-|-y* the fourth power, &c. 



INVOLOTIOIC. 23 

EXAMPLES FOR PEACTICB. 

1. Required the square of 3ar. Ans» 9a?*. 

2. Required the cube or third power of 4x^ 

3. Required the fourth power of 2ax\ Ans. I6a*a:^. 

4. Required the cube of — 3a*. Ans. — 27a*. 

Sx 243:ir* 

6. Required tbe fiftii power of — -^^ '^^•^[024"* 

2a 64afi 

6. Required the sixth pow^r of -^ ^^ Ans» 729? 

7. Required the fifth power of «+a?. 

8. Required the fifth power of a — -ar. 

Sir Isaac Newton's method of raising a binomial 
or residual quantity to any power whatever. 

EXAMPLES. 

1. Required the fourth power of a+a?. 



Here a-|-x|*=a*+4«'x+6aV+4aa?^+ar*. 

1. In. raising a+' to the fourth power, a, which is the 
leading quantity, will have 4 for its index, that is, it will he 
a* ; this will he the first term. 

2. The index, 4, will he the coefficient of the second term ; 
the index of the leading quantity . a, will decretue 1 in each 
succeeding term ; and me second quantity or, will come into 
the second term, and its index wUl imnate 1, in each succeed- 
ing term throughout the operation; therefore^ the second 
term will he 4a'.r. 

3. The terms already found are o^+4aV. 

4. Multiply 4^ the coefficient of the second term, hy 3, the 
incbx of a ; divide the product 12 hy 2, the number of terms 
already found, and the quotient 6 will be the coefficient of the 
third term. 



24 INVOLUTION. 

5. Tlien6 is the eocfficient to. the third term, the index of 
a rfecreasin«7 1, and the index of ar increasing 1, the third terra 
willbc6as^2. 

6. The terms thus found are a*+4fl3d?+6a2A^. 

7. Multiply 6, the coefficient of the third term, by 2, the 
index of a in this term, and divide the product 12 by 3, the 
number of terms already found, the quotient 4 will be the 
coefficient of the fourth term ; therefore, the fourth term will 
be 4ajfl, The index of a having decreeued 1, and ihe index of 
X having increased I. 

8. The terms already found are a^i'4a^9'^6a^a^-\'4ajfi, 

9. In 4ax3, the index of a is 1, (every letter in its primitive 
state having 1 for an index,) therefore, 1x4=4, for a pro- 
duct, this product being divided by 4, the number of terms 
already found, gives I for the coefficient to the fifth term : the 
a in this term will vanish, and the index of x will increase as 
above ; therefore, the fifth term will be a,\ 

10. Hence, the fourth power of a-j-x is a*4-4a3J^f 6a%r9-j- 

^X^'-{-X*, 

Note. — If the second quantity in the root, or quantity to be 
raised, be — , the terms will be + and — alternately j thus, 
if it be required to raise a — x, to the fourth power, it will be 
+a<--4a3a:-|-6a2x2— 4a^-fjr*. 

2. Required the fourth power of 3 — y* 



or, 3*—4.33y-|.6.3y— 4.3/-|-y*; 
or, 81— 108y+ 643^—12/+ y*. 

EXAMPLES FOR PRACTICE. 

1. Required the 3rd power of ar+y. 

2. Required the 5th power of a + jr. 

3. Required the 4th power of 5H-x. 

4. Required the 4th power of a: +2. 

* The 3 in this example is placed in a similar situation to 
that of a in the first example, and is operated with in every 
respect the same. 




EVOLUTION. 26 

EVOLUTION. 

Evolution, or the extraction of roots, is the re- 
verse of Involution, and is commonly divided into 
three cases, as follows :— 

CASE I. 

To dnd the roots of simple quantities. 

Rule. — Extract the required root of the coefficient 
for the numeral part, arid divide the index of the latter 
by 2 for the square root, by 3 for the cube, by A for the 
fourth root, Sfc, 

This root being annexed td the numeral part, will be 
the root required. 

The square root, the fourth root, or any other even 
root of an affirmative quantittj,may he either -j- or — .(a) 

Any odaroot of a qtmntity will have the same sign as 
the quantity itself 

EXAMPLES. ' 

1. Required Yhe square root of \Qx\. 

Sere, -v/16=4, and js/x^ = xt::=ix ; 
. * . 4a; is the root required. 

2. Required the. cube root of 27a?^ ^ 

3 3 3 

Here V 27=3, and \/a;^ =0?^=: 07^=0? 
. • . 3a? is the root required. 

3. Required the fourth root of \%xK 

Here it/ 16 =2, and t/^ = a?^^a^ 
. • . 2x^ is the root required. 

4. Required the cube root of 8a?*: 

Here y^S =2, and V^^=a?^ or a?.a?^ or a?^/^ 

. • . 2x"^or 2a?,a?^ or 2xis/x is the root re- 
quired. - 



(o) Here v/16y^==+4a: 6x — 4x. For by note fourth, 
Case I. in Multiplication, —4a: X—4a=:16«8. 

C2 
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5. Required the square root of ^-t^ 



9a* 



Here '^^^^ vys/^-^x^tJi^. 

EXAMPLES FOR PRACTICE. 

1. Required the square root of 36a?*. Ans. 6ar*. 

2. Required the square root otQx^y*. Ans. xy\/6. 

3. Required the cube root of — 27a?*. Ans. •— 3x*. 

4. Required the square root of — Ans. ^ 
6. Required the fifth root — 32a?'y. Ans. — 2x*y. 

CASE n. 

To find the squaze or cube root of a compound 
quantity. 

Rule. — Arrange the quantities according to their 
dimensions, as i» Case lIL iu Division, atid proceed 
as in Arithmetic. 

BXAMPtES. 
1. Required the square root of or^-^^'A+CarV — 

ar*— 4ar'a + 6x V— 4a:a' + a*(a:'— 2a?a + a* 



X* 



\ • I 



2x^—2xa) —Ax^a+6x^a^ 



2a^— 4 xa + a') 2ajV— 4a?a' + a* 



Any even reot of a iMgAtire quantity i» iitipossible; for 
+47 x+^ will not make — a^ ; nor will --a? X — ^ make — a^. 
But the square, or any root of a quantity, may be nominally 
extracted, by plaeiog orer it its proper sign; the square root of 

—3a!*, is yZ-^-Qa/^i- the cube root of «-3«8 i» \/— 3«^ aadsoon. 
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2. Required the cube root of a^+^a^x+3ax^'{-x^. 

BY hill's rule. 

The cube of your first period take, &Cv 
a^+3a^xi-3ax^+x\a+x 



3a^)3a^x+3ax^+x^ 

2a^x 

+dax^ 

+ x^ 

Sa^x+Sax'+ar^ 



EXAMPLES FOR PRACTICE. 

1. Required the square root of of — 2xy+y^. 

Ans. X — 1/. 

2. Required the square root of 9 +607+0?^. 

Ans. 3+0?. 

3. Required the cube root of 27 + 27x+^x^+x^, 

Ans. 3 + x, 

21 12 

4. Required the cube rootofa?+3a:"^y'3'+3ir"^y^+y. 

Ans. x'^+y^ 

CASE ni. 

To find the roots of powers in general. 

Rule. — 1. Arrange the terms as directed in the third 
case of division, then find the required root of the' first 
term, and place it in the quotient. 

2. Baise this root to-the power of the first term, and 
subtract it from the first term. 

3. Bring down the second term for a dividend. 

4. Diviae this dividend, or second term, by twice the 
root last found, for the square root; by three times the 

c3 
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square qfiheroai last /bund, for the cube reat ;. b^faur 
times the cube of the toot last found, for the fourth 
root, ^c. and the quotient thus found will be the second 
term in the quotient or root. 

6. Involve the whole quotient or root thus found to 
the power to be extracted, then subtract this power 
from the given quantity "of which the root is to be 
extracted, 

6. Divide the greatest power of the remainder by the 
divisor already found, and proceed as above until the 
whole of the terms have been brought into operation. 

EXAMPLES. 

1. Required the square root of a:*+4x^y+6ar^y^ + 
Axf'\'y\ 

X* + 4x^y*^ 6;a?*y*+ 4a?y*4«^y*(a?*H* 2xy + y^ 
a?* 



2x^)4x^y 



x*+4x^y+4.xY = i^^+^J^y)' 



» I 



2x^)2xY 



x*+4x^y+6x^y^+4xy^'hy*=zix^+2xy'\-yy 

2. Required the cube root of x^-^x^+l6x*—20x^ 

;r6_^^ + Uar*— 20ar» + Idx^-^x + 1 {x»-^2x^ 1 
x^ 



3x*)—6x^ 



3ar*)3a?* 
ar*— ,6a?* + 160:^—20x3 + Ux^-^x + 1 = (a?*— 2x + 1 )' 



RATIOS. 29 

a. Required the fifth root of a:*-^a?*y+ lOa?*/— 



5a:r*) — 5a?*y 



EXAMPLES FOR PRACTICE. 

1. Required the cuhe root df 0:^6072^+12x^^82^. 

Ans. ar4-2y. 

2. Required the fourth root of y* — 4y^ + 6^^ — 4y + 1 . 

Ans. y — 1. 

3. Required the fifth root of «^+5x*+10a:»+ lOa?^ 
+5ar+l. Ans,a7+1. 

4. Required the fourth root of a?^— -4a;y^+6a?^y"^ 

I 4 I r 

— 4x^y+y^ Ans. x^ — y^ 



RATIOS, 

Ratio is the relation which one quantity bears to 
another in respect of ma^itude, the comparison 
being made by considering what multiple, part, or 
parts, one quantity is of the other. The first quantity 
being called the antecedent, and' the latter the con- 
sequent. Thus, the ratio of 2 to 1 is double ratio, 
that of 3 to I triple, &c. 

The two. qiiantities that are compared are called 
tbe terms 6f the ratio, as 6 and 2 ; the first of these, 6, 
being called the antecedent, and the latter, 2, the con. 
sequent. Also, the index, or exponent of the ratio, is 
the quotient of the two terms, so the index of the ratio 
of 6 to 2 is 6-7-2 or 3, which is called triple ratio. 
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Wheiiitwo terms of a latio are equal> the ratia is 
that of equality ; as of 3 to 3, whose index or quo- 
tient is I, denoting the single or equal ratio. But 
when the terms are not equals as of 6 to 2, it is a ratio 
of inequality. 

When the antecedent is the greater term, as in 6 
to 2, it is said to be a ratio of greater inequality ; but 
when the antecedent is the less term, as in the ratio of 
2 to 6, it is said to be a ratio of less equality. 



COMPOUND RATIO. 

Compound Ratio is that which is made up of two 
or more other ratios, by multiplying the exponents 
together, and so producing the compound ratio of the 
product of all the antecedents to the product of all 
the consequents. Thus, the compound ratio of 5 to 3, 
and 7 to 4, is the ratio of 3d to 12. 

If a ratio be compounded of two equal ratios, it 
is called the duplicate ratio ; if of three equal ratios, 
the triplicate ratio ; if of four equal ratios, the quad- 
ruplicate, &g. Th'e simple ratio of 3 to 2 are thus : — 
the duplicate ratio 9 to 4, the triplicate ratio 27 to 8^ 
the quadruplicate ratio 81 to 16, &c. 

Ratio is sometimes confounded with proportion, 
but very improperly, as being quite different things ; 
for proportion is the similitude, or equality, or identity 
of two ratios. So the ratio of 6 to 2 is the same as 
that of 3 to 1, and the ratio of 15 to 5 is that of 3 to 1 
also ; therefore the ratio of 6 to 2 is similar or equal, 
or the same with that of 16 to 6, which constitutes 
proportion, and is thus expressed, as 6 is to 2, so is 
15 to 5, or thus, 6 : 2 : : 15 : 5. So that ratio exists 
between two terms, but propoition between two ratios, 
or four terms. 
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PROPORTIONAL THEORIlMS, 

The demonstrations of which may be found in the 
fifth boolc of Euclid. 

1. Four quantities are proportionals, when the first 

is the same multiple of the second, that the third is 

of the fourth. Thus, if a, b, e, and d, be the four pro* 

portionals, they are placed thus, alb He I d, and 

a c 
are read, a is to & as c to <^; therefore "I" = "T 

2. When four quantities are proportionals, thd 
product of the means is equal to the product of the 
extremes ; that is, if a I b I I c I d, then will ad = be. 
Also, if a : 6 : : d : c, then will ac = b\ Whence 
it follows, that if the product of two quantities be 
equal to the product of two other qHantities, the four 
quantities will be proportionals, thus, ad^^be, and 
uiis is turned into a proporticm by making the terms 
of one product the extremes, and the terms of the 
other product the means. 

3. If four quantities be proportionals, the sum of the 
first and second is to the second, as the sum of the 
third and fourth is to the fourth. Thus, if a I bUc id, 
ihenwm a+blbllc-hd'.d. 

4. If four quantities be proportionals, the difference 
between the first and second is to the second, as the 
difference between the third and fourth is to the 
fourth. Thus,ifa;6::c:ef; th^nwiHar-blbllc—dld, 

6. If four quantities be proportionals, the sum of 
the first and second is to their difference, as the 
sum of the third and fourth is to th^r difference. 
Thus, if a:6: leld, then will a+^:a— 6: le+d^c — d. 

6. If four quantities be proportionals, the difference 
between the first and second is to their sum, as the 
differehce between the third and fourth is to their 
sum; thatis^a— d:a+^: Ic—dlc+d. 
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7. If four quantities be proportionals, they are prow 
poilionals when taken alternately. Thus, \^ a\h\\c\d, 
then will h\a\\d\c. 

8. If a number of quantities be proportionals, the 
antecedent is to its consequent, as the sum of all. the 
anteeedents is to the sum of all the consequents. 

Thus, if a:6::c:(/::x:y::r:«, then will a:6::a-f-c+ 

x-\-T\h-\-d'\' y + «. 

9. If four quantities be proportionals, the first and 
second may be multiplied or divided by any quan- 
tity, as well as the third and fourth, and the result- 
ing quantities wfll retain the same ratio. Thus, if 

a h 
«:*: \c:d, then will y ! ~: : cxldx. 

10. When four quantities are proportionals, the 
first and third may be multiplied or divided by any 
quantity, as well as the second and fourth, and the 
resulting quantities will be proportionals. Thus, if 

a\h::c:d, then ax : — : :cx : — 

11. If the corresponding terms of two or more 
ranks of proportionals be multiplied together, their 
products will be proportionals. 

Thus, ifa : 6 :: c:<f 

Then will aei : b/j 1 1 cgk : : dhl. 

12. When four, quantities are proportionals, the 
same roots or powers of these quantities will be pro- 
portionals. Thus, ii a \ h \\ c \ d, 

Then will «^ : 6^: :<?* : rf^or v/^^V*": Wc^.Vd~ 

Also, tiJ : u^: ic'^ : ^or ^V\l/T\ \^T\l^. 
Also, «2 : ^ : \c^ : (P or d": b^:: c' : d\ 
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REDUCTION OF EQUATIONS. 

DEFINITIONS. 

1. When two quantities are connected together by 
the sign of equality, the whole is ealled an equation. 
This equation is a proposition, and denotes the equa- 
lity of two quantities or things expressed algebraically. 

2. A simple equation is one which, when reduced 
into its simplest form, contains only the first power of 
the unknown quantity, Th us a? + 5 = 9 is an equation, 
expressing, that if 5 be added to x, the sum will be 
equal to 9. In this case, a? +5 being equal to 9, the 
value of X must be 4. 

Also, if a:^— 7=0, this denotes, that if 7 be subtracted 
from X, nothing will remain ; therefore, the positive 
part of the expression, which is x, is equal to the 
negative part 7. 

Kjiown quantities are represented by numbers, 
or the leading letters of the alphabet, and the un- 
known quantities by x, y, and z, or any other letter. 

3. The resolution of equations is finding some 
quantity or quantities, from the given quantities, that 
will answer the conditions of the question. 

4. Five axioms deduced from Euclid^s Elements. 

1. If equal quantities be added to equal quan- 
ties, their sums will be equal. 

2. If equal quantities be subtracted from equal 
quantities, their remainders will be equal. — 

Cor, Hence, if the same quantitybe added to, and 
Sttbtracted from any given quantity, its value 
will not be altered. 

3. If equal quantities be multiplied by equal 
quantities, their products will be equai. 

4. If equal quantities be divided by equal quan- 
tities, their quotients will be equal. 
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Oor. ^Hence, any quantity may be multiplied and 
divided by any other quantity without alter- 
ing its value. 

'6. Things which are equal to the same thii^, 
are equal to each other. 

5. In the solution of equations all the unknown 
quantities must be transposed to one side of the equa^ 
tion, and all the known quantities to the other ; uien 
proceed *'as in Addition. Thus, in the equation 
3a:+4==a4-^> tlie do? and x are considered unlaiown 
quantities, and the 4 and the a are known quantities. 
(See the transposition in the next definition.) 

6. When any quantity is transposed from one side 
of the equation to the otner, its sign must be changed, 
Thtis, if 3a: +7= 28; by transposing the known 
quantity to the other side of this equation it becomes 
3x==28 — 1, then 3a7=21; therefore (axiom 4) 
a?==^=7. Hence, transposing the 7, in (his case, is 
only subtracting it from each side of the equation. 
ThuSj. if 7 be subtracted from 3ar+7, 3a: will remain, 
and if 7.be subtracted from 28, 21 will remain ; then 
(axiom fe), 3a:=21 ; and {axiom 4), x^7. 

Also, if 3a: +4:= a + a?; then by transposition 3ar — 
a:=a— 4, or 2a:=a— -4 ; . • . (axiom 4) a:=— 5— 

Also, if 3a: — 4=2a:+3, then by transposition, 
3a: — 2a:=3-}-4, or a:=7. In this case, transposing 
the 4 is the same as adding 4 to each side of the 
equation, and transposing the 2a; is subtracting it 
from each side of tne equation. 

Cor. iTehce, if all the signs in an equation be 
changed, the two sides will remain equal, because 
in this case every term is transposed. 

7, If the ^kme or equal quantities be found on each 
side of the equation,' with like signs, they may be 
omitted in the transposition. Th us, if 5a: + 3 :=i: 4a -f 3, 
here 3 is found with the same sign on each side of the 
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equation, thai will Cxczia, (3 being omitted in the 
transposition) and (by axiom 4), a;a=-^. 

8. If eyery term in an equation be multiplied by 
any number, the equation indll retain its equality, 
{axiom 3). Thus, if 3a?+4=il6, multiply the whole 
by x> and it become^ 3ar*+4a::^16r. , 

9. If every term in any equation be divided by the 
same number, the. equation will, retain its equality 
{axiom ^)* Thus, H Sxr^+^xzslQx ; here, x beinj^ 
common to each term, the whole jpiay be divided by 
X, and the equation becomes 3a7+4= 16. 

1Q« If any of theienns in an equation be a fraction, 
the equation may be cleared of the fractional part by 
multiplying the whole equation by the denominator 
of the fractional part; or if there be two or more 
fraotippai part£f, the whcje equation must be multi- 
plied by the product of ^^e denominators, or their least 

^ X 

common multiple. Thus, if3j?+— =13, multiplying 

the whole of this equation by 4, and it becomes 
12x+j?=52,orl3;t:=52; r . (axiom4)x=zi. 

Also, if -3-"*"T+T= ^^ > ^"^^Ply t^e whole of this 
equation by 72,. the product of all the denominators, 
and it becomes 48ar+:18a:4-12jr=:936, or 78a7=936 ; 
. • . ar= 12. But if- the whole equation be multiplied 
by 12, the least common multiple of 3, 4, and 6, it 
becomes 8j?+3x+24r= 156, or 13a;=:156, .•.a:=12. 



ac 



_y 



Also,if- — 1-— =-i^; multiplying every term of this 

equaticH[|.by a b e, th^ product of the denominators, it 
becomes 6ca?4-(iV=«^y. 

11. If each side of an equation be squared, cubed, 
or raised to any other power, the results will be equal. 
Thus, if x==4, then.by squaring each side, a:^=16, or 
by cubing each side, of =64, and so on for any other 
power. 

n 
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Also, if x-^yszA, then by 'fiqiiaring! each fiide, 
a-^ + 2xy + v^= 16 ; or, by cubing each side, a?' + 3x*|f 
+ 3.ry- + 2^=64, '&c. ' ' ' 

12. If equal roots }>e extract^ on each side ^ any 
fequaJbiori, the roots will be . eqjaal 'Thus, if a?*=16, 
extraicting^ the square rogtot each side, ar=.4. 

If 07^=64, extracting the cub^ root, a?=54. 

If a?2+gafy+y« =rl6, extnuHli^ the square root of 
each side, a?+y=:4, and so on for any other power, 
being only the reverse of Bef: 11. 

13. If one side of an. equation be ain irrational or- 
surd quantity, it may be taken away bv raising each 
side to thepower denoted by the radical sign. Thus, 

if -v/a?-f-43c7; this signifies that the square root bf 
a:+4 is equal to 7 ; squaring Itech side, dr+4=49, or 

which is the samiai thing, V^^+4xV^r+4=7^ or 

.r+4|^ xa:+4|'^=a:+4l^=:a7+4; therefore arH-4=49, 
(by Note 2, 'Gase I. Multiplication). 

Cor. But if a part only of one side of an equation 
be a surd quatttttyy it may be tkheA avi^ay by trans- 
posing the rest of the quantiitieB to the other side 
of th>5 equation, and then rdisiing each side to the 
power denoted by the radical sign. 

Thus, -v/^H-4+2=4; ttiis ' expresses, that the 
cube root of ' ir+4' added to .2,' is equal to 4. 



I; 



i^ »^. 



*By transposition is/ar4- 4 = 4 — 2 = 2 ; cubing 
each side of >thift: equation s (it being the power 

denoted by the sign v' * *),.. x4-4=8; that is, 

3 '.}; .. . ■ ; l> ■■ ' ■■ t » ■ :r- ■■ ■• ■ 

V^a:4-4xv^;?f+4.xV^+4=8. .. 

In order to make this a little clearer, var + 4 being the 
same as :r+7|^, then by Note 2. Case I. Multiplication, 
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iMh4l7=2, 
ar+41"3"=4, the square. 



aj4.4|V--8, the cube or third power. 



I being =' 1; .^ a:+4j^=a?+4; whence a;+4=8. 



j»s above. 



5. 



Also, if ^/a?+2=?3; .'.V^+2 being. =:a?+ 2|^y 

a:+2[^=:3,' 



or 4- 217=9, the sqnare. 



2 



ar+2p=9. 



ar+2p=81, the fourth power. 



ar+2p=3. 



.L. •' 



ar4-2p=:243 the fifth power, 

as above, x+2|"5^=a?+2 ; whence a;4-2=s243. 

Irrational or surd quantities are such as have no exact 
root, thfi root being extracted hy phunng over the Quantity a 
radical sign or fractional index. Thus, the radical sign ^ 

for the 9qTUU« toot, v^ te tbe ou^root, &c. or 'for the square 

root,^ for the cube root, &c, therefore \/3 or 3'^^ is called an 
irrational number or ^i|rdqn^tify, because no number, either 
whole qi fractional^ can be found, which when mul tiplied into 

itself, will produce 8. This being the case with y^;r+4, tho 
surd part of die equation'ineiitioned in the Definition, 

d2 



\ 
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14. In some cases irrational or surd quantities 
require to be reduced into different'forms before they 
can be used. This may be done by resolving or 
decomposing the surd into two factors^ and extractilig 
the root of that which is rational. 

Thus, v' 63=^/9" X\/7" (by Note to Case Til. in 
Multiplication), extracting the square root of 9, which 

is ra^tona/, the expression becomes 3 X -x/ 7, or 3^7 i 

also, >v/24a'a:^ will resolve into \/4«Vx\/6aj?; 

extract the square root of Ac^a^, the expression be- 

* " » ■ 

comes 2aar x s/^ax^ or 2cLXfs/^ax. 



Also, \/54a*a?^y wiD riesolve inte v 27aV x v 2a?y, 
extract the cube root of 27a'a:^, the expression becomes 

3flj: V 2a;y ; also, -v/a^6 will resolve into \/a^ x 
tsjh\ extract the square root of a^ the expression 

becomes a^h ; also, \/ ■ ^^,, — 2! will resolve into 
\/-5- X v~5 > extract the square root of —' the 
expression becomes — v^ , ■ . 



v/^qiiPr ' ^'^tracting the fourth root of -^j^, (as 
denoted by the radical sign I/) it becomes — ; 



hence the whole expression becomes ^-Qr-\/n3j^pr. 



Cor. It is evident from the above, that before any 
quantity can be multiplied into a surd quantity, and 
the product plaped under t^e radical sign, th^ quau- 
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lity must be first raised to the power denoted by the 
sign, and thim inAltiplied into th^ number or quan. 
tity under tbp rjkdical sigp. . 

Thus, in the expression 3 V'^i ^ ^^ ^^ required 
to multiply the 3, into the surd part a/ 7, the 3 
must be squared (as denoted by the sign) ^which will 
be 9, then reducing this 9 to its original value, 3, it 

becomes ^/9, therefore v^ X v^7= a/ 63. 

Also, in the expression daav^9>^ ^^^ must be 
cubed, (as denoted by the radical sigi)} and it be- 

comes 270*0:^, thecefore.as above, \/27a^x^ x \/2xy=z 
3 , 
\^64a^x*y, and so' on for the oih^ expressions given 

in the definition. 

15. When mird quantities havie diffeirient radical 
signs or indices, they must be reduced to d (Common 
index, before their sum, difference, prodactj^or quotient, 
can be found, in its most simple tdxm, ^hich is only 
reducing the indices to a common denominator, as in 
vulgar fractions, and then involving edch quantity to 
the power denoted by its numerator. Thus, if it be 

required to reduce \/3 and \/4, to a common index. 

Here, ^"3=3*, and v^4=s4*|{ 

therefore 3*iaf*={8«)^=27^ J' ' 

and 4^=:4;^=(4')*=16*- 

3 

Also, if it be required to reduce 4y^a? and 6^x 

to a comnion index. 

Here, 4v^4r=4a:^=4a?^=4(ar^)^ or4v'ar*» 
and 6^x=6x^=zex^=z6{x^)^ or 6vV. 



When a surd qn^tity does not admit of dec6mpositiOD, 
it is already in its most simple form. Thus,' y^ 15 cannot hm 
reducedloTfrer^neither^fiti factors, 8 9Skd6f}>mg squares. 

d3 



\ 
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Also, reduce x n and y"» to a coimnon index. 

Here, ^ and ^ beikig redu<^dd to a coinnnm 

denominator/ willbe"^ and «» * 

Therefore^ ar^is a: m« si ('ir* )«♦<, 

and. y'^s=y»i»»*=(y*)*»«. 

16. The reduction, of surd quantities, is of gi^eat 
utility. Thus; if it be required, to find the sum and 

difference of v^28' and V'^S. • • 

Here, ^28=\/4 x \/'7«2v/7y and_ ^/e^=^ x/9 x 

a/7=:3^Y; then2v^+3\/7 =5v^7tbeirsum,and 

3^/7"— 2V'7 = v'7 their difference.- 
Also, if it be required to find Ihe sum of the follow- 

ing quantities, v'l6a',\/200aV and >/162a'. By re- 
duction^^ Ie«3~2<H/ 27 \/200a^ s:zl0a\/2^ . and 
>v/162a2 =di\/2]^ therefore theit sum will be 2\d^/2. 
Also, if it be required to fiad the sum and differ- 

ence of ^ — g-^^ and \/-^^^ These may be reduced to 

a common denominator, by inultiplying the numerator 
and denominator of the first quantity by 4, and the 
numerator and denominator of the second quantity 

by 5. Thus, \/^^^ becomes \/^^, ^nd ^/^~' 
t)ecomes s/--t^ ; therefore, decompodng these quan- 



tities, -vZ-Jq^ beconles \/25a:2 ^ ^_ ^j. 5^ V ^^-^ 

and \/-2(P becomes v'l^ X V^20 ^^ ^^^^ > 
hence, their saw will J)f 9arV'^i aad; difference a/-j^. 
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17, If it be reaijired to multiply two surd quan- 
tities together, their radical signs or indices being 
commoir, it is done by Note to Case III. in Multipli- 
cation; but if diflferent, as in Def. 15, they must be 

reduced to a common index. Thus, if it be required, 

3 
to multiply \/2 by \/4 ; 

Here, ^2=2^=2* == (2')^= 8^, 
and ^4=4 4"^=4^=t (4«>*=16*, 

. (128)^ Product 

Also, if the product of 4\/a: by v a- be required. 

Here, 3y a? ==4a:^, and 4>/jr=:4jr^==4x^; 
therefore, 2x^x^v^^ I2a?^, or 12(je)*, or I2,^:r^ 

18. If it be required to divide one surd quantity by 
another. 

Thus, divide 9^/56 by 3 ^7. Here, the rational 
part of the dividend 9, being divided by 3, the rational 
part of the divisor, gives 3 for the quotient. 

Also, v^56, the surd part of the dividend, being di- 
vided by v^7, the stird part of the divisor. Thus 

V^-T-y/^, >v/56-i.7==v^8- therefore, 3 v'T is the 
quotient required. 

But if the surds be of different kinds, they must be 
reduced to a. common index, bv Bef. 15. Thus, di- 

vide 3 by y'9. 

Here, 3=9"^=:9^, and v'9=9^=9^; 

Then, -=5' /5=:9^. 

■fit ■ 
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Also, If i^Bd rfe<Jaired\o.tiiiid*ial V^y? by WT- 

4 3 X ' \ 7. 

H^e, 12v'y = I2y*, aad 4 -v/y=4y^=4y^ ; 
Then, i^=s3y^~^=3y*, orSV'y- 

2 i 3 i • 

Let -gpy** be divided by -jy**« 

XT 8.3348 

Here. .~.^«-3C-3-«-g-, 

And, y " -r y " = y"" -r y "" = y"^. 



Whence — y «»» the quotient required. 

Note. — The division of Surds is onlir subtracting the inde: 
of the divisor from the index of the dividend. From this i 
follows, that the denominator of a fractibn may be placec 
in the numerator, and vice vertfa,' by changing the sign of it • 
index. 

1. Let — be expressed with a negative index. 

y 

1 «-* 

Here, by*enote> -^-=4- ^ff *• 
., y X 



2. Let — be expressed by a negative index. 

y - : 

Here, — = -V", or hy-\ 
' » ■ 

3. Let --r^ be cxplressed "by a negative index. 

4. Let x,{x+y)^ be expressed by a positive index. 

Here, a:.(x+y)""^ = — ■ — r. 

(«+y)* 
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SIMPLE EQUATIONS. 

EXAMPLES 

In Simple Equations, with their solutions, in which 
the preceding definitions and reductions ire applied. 

1. Given 5ar+35=4x+38, to find the value of jr. 
Here (6), by transposition, 5xt^x:=z.3S — 35 ; 

. • . by Case II. in Addition, a?=3. 

2. Given 3x+7 — 2ar=6ar — 13, to find the value 
of X, 

Here (6), by transposition, 7 -h lSsz6x+2x — 3;c ; 
. • . by Case 11. in Addition, 20=5* ; 

then (by Axiom 4), a: =—=4. 

Or thus, 
(6) by transposition, 3x — 2x — 6jc= — 13 — 7. 

. • . By Addition, — 5j?r= — ^20 ; 

20 
then (6. Cor.), 5a:=20 ; , • . {ax. 4) ar=— =4. 

3. Given 3a+4ar=2ft — x, to find the value of .r. 
Here (6), by transposition, 4j:+«=2ft — 3a, 

or 5x=26 — 3a; .*. {ax: 4.) ar= — - — • 

N. B. — ^From these solutions it appears, that the unknown 
quantities may be transposed to either side of the equation, 
and the known quantities to the other. 

Note. — The Student may prove his questions by substitutinf^^ 
the value of ar, when found, in the giv^i eqaation, and if the sides 
remain equal after substitution, the number substituted will 
be the value of the unknown quantify ; thus, in the first ex- 
ample, X is found to be equal ,to 3, then will 52=15, and 
4j:=12 ; . * . if 15 be substituted for 5d7, its value, in the given 
equation, and 12 for iXf its value, then the equation, which is 
5j?+35ar4r+38, becomes 15+35=12+38, or 50=50 ; there- 
fore, the value of or, in this case, is 3. . 
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X 

,4. Given-3a»-r4pg+6, 4e.find-tbe vs^lueof a:. 

Here (10), multiplying the equation by 2, the de- 
nominator of the fractforiju ^art, the equation becomes 

. • *. by tranisposition, 6a?— ar = i 2 + 8 ; 
tb^n. Case II Y Addition, 6x^20; 

20 
. • , (by Axiom 4,) aT=-r-=4, . ' 

5. Given 4ar+---=-r-+ 16, to find the value of x, 

o o 

Here(10)r Inultitplying the equation by 15, the 
least common multiple of ^ and 3, . . . 

60a? +3ar= 1507 +240; 
• '. (6,) ty transposi|;ion^ 60a7+3a: — 15a' =240; 
then, by Addition, 48a;=240; 

whence (Ax. 4,) ar=~~-?=5. 

48 

6. Given 4aa?+6ai=2ca?+7a,to find the value of a: 
Here (6), b^ transpo$ition, 4aa:— 2ca-=7a — 6db; 

.*. [Ax»4.}x=:- — -— -• 
* 4a— »-2c 

7. Given — -+-^-|- —= --H-4i to find the value of a% 

a c d' . 

Here (10)/ m^pltiplyii^g the equatioa by abed, fhe 
product of th^'d^pominatorsi itbecomesj 

bcdx+aedx-i^-Ahbd^Sabc+^abcd; 
by transposition, bcdx^acdx=:Sabc+4abcd — 4abd; 

(by decomposition). 
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8. Given 4a? H — -r— '==7 + — ^— ,to find the value of a-. 

Here (10), multiplying the equation hy 15, the 
least commoin.multifde of d.and 5, 

60a:+94rrr^l5==lD5+5a:+75; . 

by transposition^ 60a: 4^ 9a: — 5a:= 105+12 + 75, 

"192" 
or 64a:=192; ./.(Ax. 4,) x=—=^3. 

^ ^. .« lar— 12 3j'+1 lOar+6. ,, ^ ^ 

9. Given42 + ---— =-—--+— -^ + 15, to find 

Id o ^ 

the value of a:. 

Here, multiplyiiJg the equation by 16, the least 
common multiple of 16, 8, and 2, the equation 
becomes, , 

672 + 12a:— 12=±:6a:+2+.a0ar+48+240 ; 

by transposition, 672— 12— 2— 48--240= 
80a: + 6a:— 12a:, or 370= 74a:; 

370 ^ ^ 

.-. a?=---=5. 

74. ,-- ... 

10. Given 3a: —-=16, to find the value of a:. 

Multiplying the equation by 2, dx-^x + 2* =32 ; 

by transposition, 6x — a:=32 — 2 ; 

^ «^ 30 ' . 

or 5a:=30; .•. a:=:-— =6. 

5 

. *- " 

Note. — It may not be improper to remark why the 2, with 
the asterisk over it, becomes +, when cleared of fractions. The 
reason is obvious, for in clearing the equation of the fraction, 
the X, which is -}-> becomes minus, therefore, the 2 must be 
made plus in order to obtain the difference between the x and 
the 2; as required in the given equation. 

It may also be further remarked, that if any fraction, hav 
ing a compound quantity for its numerator, be a minus quan- 
tity, all the signs in the numerator must be changed when the 
equation is cleared of fractions, as. in the eleventh and twelfth 
examples. 
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. 11. Giren 4a>-^±^=lg { " ^t^ to find the 
value of o;. 

Here (10), multiplymg the equation by 6, the 
least common multiple of 3^ 2, and 2, 

24a:-— 2jr— 8+2=±93— 9a?^ ; 

by tn^nsposition, 24a: — ^2x+9ar=:93+8 — 2 — 6, 

93 

or31a?=93; ••. a;=~-=3. 

■ - ■_ -*i 

12. Given 3it-^ ^^^^ esn^ to find the vaZae 

r 
of 07. 

Here, multiplying the equation by r, 
3rx — €ix — b 4- c — ds^nr ; 

by transposition^, 3rar — ax^nr'{-b — c+d; 



.r= 



^r-^a 



13. Given .-^^-^^ =1-^+4, to find the value 

of y- 

Multiplying the equation by 9, 

.'. (6 and.7,) ^^^=36+9=45; 

Multiplying tbis equation by 2y — 8, 
63y— 117=90y— 360; 
by transposition, 360 — 117=90^—637/, 

or .243=27y; .'. y=^=9. 



I 
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14. GiTen ^+%=^=*dy?, to find tBe value 

t> ay— 12 18 

of y. s 

Multiplyii^ the equaticm bftS, 

by transpofekioa, ' ^^i'i '^'^^> 

Multiplying this equation by 6y — 12, 
144y— 414=— 25y+60 : 

by transposition, 144y+25y=414+60> 

or 169y=474; 

474 

Hence, y»|^=»aH|i 

15. Given ^^ : ^=^ : : 6 ! 4,' tb find the value 
of y. 

Here, by Theo. 2, I^>c4=?^x6, 

or 10y+4=36— 2y; 
by transpositioB, 10y4>-2ysd6— 4, 

32 

or 12y^92; hence; y=—=2f 

16. Given ^y^+4 : ~^— 2 :: 12 ! 2,to findthe 
value of y. ' 

Here, by Tl^eo. % (^+4)ifc«(3±!-,a).12, 
or,- ^+8=4y+28— 24j 
by tran^Hnition, ~-:s4y—4; 

E 
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.\ multiplyiiigByfi, 6y+.8=s80y— 20; 
by transposition, 8+20=20y— 6y ; or 28= 14y ; 

hence, t^sc=rr?=:2. 



17. Given -v/9y+13as7,.to find the ralue of y. 

Here ( id), squaring each side of the equation, 
9y+13=49; by transposition, 9y=49— 13, 

36 

or 9y=36 ; hence y=— =4. 



• 'I. 



J8. Given -v/4y+3$— 2=c2, to find the value of t/. 



Here (Cor. to 13), v^4y+36«:2+2=Bs4; 
.-. (13) cubing each side, 4y+36=64; 

by transposition, 4y=64 — 36=28 ; 

28 
hence, y=:— =7. 

:. .. - ... •.. 

19. Given v^y+988+2=6, to find the value of y. 

Here (Cor. to 13), ^y+988as€— !^=t:4; 

.-. (13) by raising each side to the 6th power, 
y+ 988= 1024; 

by transposition, y= 1024— 988=36. 



20. Given -v/4y— 11 =2>v/y--l, to find the value 
ofy. 

IJere^ 4iiquaring each side 4t the.equation, 

4y — 1 1 =4y— 4v/y + 1 



*: \. 



then (by 7, and transposition,) 4v/y=l 1 + 1= 12 ; 

' • _ • "■i2- • -■ ■ ■ 

,-^ <y/y»-j>=3; hence^ (180 y=9. 



2 1 . Given •v/y+ 16sss2 + \/^ to^nd the value of ^. 

Squaring each side, y+16=i4+4V'y+y; _ 
then (by 7, and transpoidtKm,) 16— 4e=4-v/y, 

or 12=4-v/y, .*. (dividing by 4) 3= ^/y; 
henee <ldV sq^ark^ €»ch fflde,:y=9^ 

22.Giym\/9>^yy+H==y/9i+ii, to find the va- 
lue of y. 

Here (17,) ^9y+2S=:^9^+2 ; _ 

squaring each side, 9y-f-28=9y+4v/9y+4 ; 

by(7)ij8=4v/9^+4;_ 

by transposition, 2i8— 4=4>\/%i. or 24=4\/9y ; 

— 34 
.•. y'9y=— :^6 ; squaring each side, 9y=36 ; 



hence, y=— =±6.! 



36 



23. Given a+y=6— \/2ay+y*,. to find the value 
ofy. 

Here, by transpoeition, A/2ay+y^ssb — a — y^ 
squaring each side, 2ay + y*=t: h^ — 2ab + a^ + 2ay 

.*. (by 7, and transposition,) 26y=6^ — 2ab + a^ ; 

24. Giv4^ ^yj^34 ^. Vyj>4g .,^ g^^^ ^^^ ^^^^ 

v/y+1 >/2^+2 

of y. 

Here (10), multiplying the equation by (>v/y+l). 

[y/y-hS), or which is the saaiie thing, multiply the 

b2 
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numer^l^r of the §i0t part of the equation by the de- 
nominator ot the second paFt> and the numerator of 
the secxmd pM^ by the denoiDunafof of the first part» 
omitting tl^e denominators, 

(v'y+34).(^/^2)±i(^/^^6Mv'y+ 1), 
or y+36-v/y+68±sy-t^47v/^+46; 

(by 7 and transposition,) 68— 46=47>v/y— 36v^y 5 
or 22=1 Vy; ••• \/y=^=2; 
. ' . (13), sqaaring each edde, y=4. 

,■•*■■ . - . ♦ . , I 

25. Given ^^+la! ^^^"^? +g, to find the 
value of y. 

- ■ • 

Since 3y— 9=(-/^— 3).('v/3y+3), the equation 
becomes h^!t±}h^E±^+l=.-^+5; 

th6ii, by cancelliilg the like qtucntittes in fhe namerator 
and the denominator of the first part of this equation; 

.•• (10) 3^d^+^==^^3y+9'\-l6 ; 
by transposition, S-/3^v%=9+ 15+9—3, 
or 24/3^=30; .-. ^3y=zl5; 

225 

squaring each iSd^, 3y=:225 whence ^=-3 =75. 



- — , » 



26. Given ^/l3y+y^Ay+l2=7y^, to find the 
value of y. _^ 

Here (13), squaring each side, 13y+yv^4y+ 12=49y ; 



by transposition, ^^^4^+ 12 =36y; dividing by 

y$ V4y"f 12=36 ; squaring each side, 4y+ 
12=1296; .-. 4yi= 1296— 12=1284; 

hence,. ys^JT-r— =321. 



,— S8 



27. Given <v/7+y+y^ y = to find the value 

V^7+y 



Here (10), v^7+yx-v/7+y+v^yX\/7+y=28, 



or7+y+v^7y+y*=28- 



,:,. 7^ 



by transposition, v^7y+y*=:21 — y, 
squaring each'sicle, 7y +^=441— ^2y-fy* ; 
by transposition, 7y4-42y=441 ; 
or 49y=441 ; .*. y=s9s 



5,2«+26 



28. GivenV*+^=v — ^— * to find the value of y/ 

if 

H«re (13)> raising each side to the fifth power, 

V. • I 

.*. (ax. 4.) dividing the equation by a +d, • 

4 2 4 

whence, y= 7- — , . 

^ . V^+*:. 



e3 



i 
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EXAKPLES FOR PRACTICE. 

1. Giren 4iX+2zs22, to find tbe value of x. 

Ans. 5. 

2. Given 3av— 2= 16, to find the value of x, 

Ans. x=z6. 

3. Given 2a? — a=6, to find the value of a?. 

Ans. ar=— ~— . 
2 

4. Given 18a?+ 13=59 — 5a:, to find the value of ar. 

/ Ans. a:=:2. 

5. Given 4j?— 4 + •—•=62— 3ii^ to; fijod the value of ar. 

Ana. ar=9. 

6. Given-7-+7sir-^4-8, to find ^e value of a?. 

Ans. ar=12. 

7. Given 4a:*— 7jr=8ar-- a?, to fiM the value of x. 

Ans. a:=3. 

8. Given aar' — abxrzdcx, to find th^ value of .r. 

' • Ans. a:=6+c. 

9. 6ii^^^+3;f=5^+12, to find the value 
ofx, Ans. a:=4. 

10. 



>. Given 5^+2x=8+^^, tofind the value 
ofx. Ans. a:=6. 

11. Given ^x^+ -5-=S+-g— > to find the va- 
lue ofx. Ans. a:=4i. 

12. Given 2^+2±f =.5^V8, to find the va- 
lue of iC« Atts. X:s:9. 
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• 8dP— 9 das— S A ■■ 1 
13. Givcii X" ^=— J— , to. find the yalue ofx. 

Ans. ar=12. 

2«4>1 djT— -Id 

14* Giren 4|+-j--=13 ^ , to find tBe value 

pf ar. Ans, ar:=10. 

_ 25+5a: - ,„ ^ 3— 4a: . 3a?— 8 ^ , 

1«. Giren .^^+18=65? r'+T'' ^^ ^^^ 

the value of or, Ans. ^=3-j:^. 

16, Ghven 5jr — -^y- e^^Hfa — *" ' ™ 

the value of ar. Ans. ar=8. 

17. Given 5t% g j2~=^ — i — +^ g"' 

to find the value of x. Ans. a:=5. 

,Q ^. &p— 2 4» — 18 .• ^ » — 1 , ^ , , 
. 18. GiTto ~2 3 ii=^Qi-{'—^M^ridthe 

value of jr. Ans. ar=6. 

19* Given 10 g 2~^ ^ ^, to find the 

value of a:. Ans, a? =8. 

20. Given =7 , to find the value of x. 

X X ' 

Ans. ar=9. 

21. Given h6= , to find the value of ar. 

a ' c 

. (4 — he — 3c) 

Ans. x=:za. 5 — . 

- c — a^ 

I 2 3 5 

22. Given -^^i^+-^bc — ji«=:-^-aar + 2a6 + e?, to 

find the value of ar. Ans. x=: : 

4a • 

,,_ ox ox dx 

23. Given -^+—+—'--r=4+{a+b).x, to find 

th« value o^r. Ans, xzs. . _^»_^i[o\ . w^i . ^; . 

ac(a— 00— 6') +6. (od+crf) 
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24. Given -l5-+2^=T"*"^*' ^^ ^^^ the^ va- 
lue of or. Ans. ar=4. 

25. Given —j^ — ^4^20 ^ "IT* ^ ^^^ the va- 
lueofj:. Ans. a:=4* 

„ ^. 14^p— 28' 5ar+8 7x-.28 .' ^ ^ 1. , .^ 

26. Given -^^—+3;:^= -14- + 13, to find the 
value of or; Ans. a:=:8. 

4*17 

27. Given v^— =4, to find the value of a:. 

Ans. 07=28. 



28. Given v^4a:+ 16=5=6, to find the value, of ar. 

Ans. x=5. 



29. Given -v/8x+ 1 +3=10, to find the value of x. 

Ans, x:=i6. 



30. Given ^/Ax — 4+5=7, to find the value of x^ 

Ans. xzsf3» 



31. Given ^^20:+ 6 +8= 10, to find the value of a;. 

Ans. a:=s5. 



32. Given ^^7^+ 20 1—1 =2, to find the value of a:. 

' Ans. a:=6. 



33. Given y^ar+7=7 — a/x, to find the value of ar. 

Ans. x=9. 



34. Given V'a:+9=l+v^a7, to find the value of a:. 

Ans. a:=16. 



35. Given v^4a:+9=9 — -v^4x, to find the value of ar. 

Ans. ap=z4. 



36. GivenV^a?H9=2a?+v^9, to find the value 
ofx. Ans. a:=12* 
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37. Given -/9ar+37=3-v/a?+l, to find the value 
of X. AtfS. a:=/36. 

38. Given i5|t± • ??±i : : 15 : 3, to find the va- 
lue of ^. Ans. y=:7. 

39. Given -^^^+3y : -^^"J^+S :: 5 : 4, to 
find the value of y. Ans. ^=4. 

2v+6 4v — 24 

40. Given -f^ I 3 . 3 ■ .T 6 : 4, to find the value 

of y. Ans. y=l^. 

41. Given ^^ : ^^ I! 1 ! 2, to find the value 



42. Given V'3y+4=sv^9y*+112, to find the va- 
lue of y, Ans. y=;4. 



4 



43. Given v 5y + 6=-- , to find the value of y. 

Ans. y=2. 



iA>— *• 



44. Given ^6y +2= r , to find the value of y. 

Ans. y^^' 



45. Given v^lly+144=v^-'^^^i^j to find the va- 
lueofj^. ■ ~ Atts. y=t44? 



5.11+6 



,4^. Given v^«-H^==v-^ * to findth^ value of y. 
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I 



47. Given \/a^—y^ I s/a^—b^ 11 x/a^'+b^,: 
v^a^+y^, to find the value of y. Ans. y3=6. 



48. Given =^it' ^^ ^"^ ^"^ value of y. - 

Ans. y=s3. 

49. Given i^_i^v^^^ to find the value 
of y. Ans. y=s:6. 

3 

50. Given v"^ =- -, to find the value of y. 

Ans. y=:3. 



51. Given y ^ ^ ^ ^ to find the value of y. 

Ans. y=— : — 

^ 4a • 



THE APPLICATION OF SIMPLE EQUATIONS TO PROBLEMS 
OF ONE UNKNOWN QUANTITY. 

The method of solving algebraical problems or ques- 
tions is to resolve them into equations, and then pro- 
ceed by the general rules there given. 

In order to perform this, represent the quantity re- 
quired, or some other quantity in the question, from 
which the required quantity may be found, by x or y, 
or any other letter of the alphabet, then perform with 
this letter and the given quantities in the question, by 
means of the common signs, the same operations and 
reasonings that it would require, or be necessary to 
make, if the quantities were Imown, and it was required 
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to verify them, and the result will give an equation, 
whicji may be solved by the rules already laid down. 

To facilitate the progress of the pupil, the following 
examples, with their solutions, are given in a style as 
familiar as the nature of the subject admits : — 

1. A Lady was asked her age, who replied thus : — 

My age, if multiplied by three, 
Two-sevenths of that product tiipled be, 
The square rootof two-ninths of that is four. 
Now tell my age, or never see me more. 

Here, the method of reasoning with her age is given 
in order to find it, from which it appears, that if her 
age could be known and operated with, as directed in 
the question, the four therein mentioned would be 
produced. {See tlie proof.) 

. •. Let X = her age in years ; 
then, 3x = her age multiplied by 3 ; 

also, -yx3^x3=-^x3= — = two-sevenths of 
that product tripled ; 

and, — x-y = g«, this reduced to its lowest 
terms = — = two ninths of -r- ; 

' ^ •:•'; by^the t^ueflCion, the square root of — must be 
equ^,tp4; , . . . . :.,i 

: that is, -v/'v*'^** ^*^ equalioKi) ^ 

4r ■■■■■• "" 

tbeia, squarii^g each side, -—=16;^ 
''' multiplyingby 7, 4ar=^l!2;■ 



rii 



ixU- 



^'^ xss—ss28,.hetagei. . 



I..... ^ 



*• -^ > J . ' "■ ■■ *,-! :??:>>.■ >j;:;!: 



^ PROOF. 



■ ij ■L>.'C-- ^ '^ 



./i.«- •.' • 






84, her age multiplied by 3, 

7)168 

24, t^yo ^evexitiiB of that product, 

7&, the product tripled, 



9)144 



16, two ninthsof the tripled product, 

4, the square root of these two-ninths, as 
mentianecl iii:lhe questioa ; 



\* k. 



% 



.-.28 answers the coaditions of the question. 

2. A Fish was caught, whose tail w'eightd 91bs., his 
head weigl^d as mudi as hisf tail and half his body, 
and his body weighed as much as his head and tail. 
Required the weight of the fish ? 

It appears (rom the n&tuit of dds queftsott, that to 
substitute X, for the weight of the whole fish wqul4 ^ot 
cdiiVrihietitly answer t!he con<£dii:^ns' of the quy^on ; 
but if the weiffht of t}ie bo(^y was ^^no^i^^ th|j ^Ji^^ 
parts could beed^y determined, and h^rice,Hne weight 
of the whole fifii^ 

. • . Let X = the weight of the body in lbs: Y' then -^ 
=s half the weight of the body, which tiiefng added to 
9 lbs. (the weight of the tail) gives ;9+—=the weight 
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of the head in lbs.i and 9-\"^+9:^itie weight of the 

head and tail^ which^ by the question, is equal the 
weight of his body ; 

.'. ar=29+-r-+9, (an equation,) 

(10.) multiplying by 2, 2x=18+a:+l8; 

by transposition, 2jr-— jr= 18+18, 
or x=36 weight of the body, 

and 9 +—=27, weight of the head, 

9, weight of the tail, 

72, weight of the fish. 

Or thus :— 
Let 2x = the weight of the body in lbs. ; 
then, 07+9 = the weight of the tail ; 

.-. 9+x+9±z2x; 
by transposition^ 18=^:; 

;•, the fish weighed 36+27+9=721bs. 

3. What number is that, to the double of which if 
14 be added, the sum wiH be 52P ■. 

Here the learner may say, if I knew the number, I 
could double it and add 14 to the product, and the 
«>um would be equal \o 62 by the question ; 

.'. let X = the number required; 

then, by th^ q^e^JioUt ,^+14^2; 

by transposition, 2,;trsz^;^14;;sdS ; 

38 
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4< What^nui^beir is that> from the double of which 
if 16 be subtracted, the remainder is 12 ? 

Here, as above, let x = the required number ; 

then 2j:— 16=12; 

by transposition, 2jp= 12 + 16=28 ; 

5. Said A, I am twice a§ old as B ; to which C an- 
swered, I am as old as you both, and the sum of our 
respective ages is 90 years. What was each person's 
age? 

Here, if the Student knew B's age, he would easily 
find the other ; 

/. let X = B's i^e in years ; 
then, by the question, 2x = A's age, 
and 3a: = C's age ; 

hence, by O^s answer, the sum of these three quan- 
tities is eqiml to 90 ; 

.-. jr+2ar-h3a?=90, or6j7=90; 
hence, aj=-^=15, B's age; 
.-. A's 30, B's 15, and C's 45 yeats. 

Or thus: — 
Let X = A's age in years ; then, A being twice as 

old asB, — = B*s age, andC being as old as A 

and B together, a? +-^=^'8 age in years; 

then, the sud? of all their ages being 90 years, 
.T+-|-+«+-|.=90, or3a?=90; ' 



% 



90 ^ ^ 
/. jr=-^=30, A.'s age; 

hence, A's 30, B's J5, and C's 45 years. 
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6. A. gentleman distributed 20s. amongst foui: poor 
people ; to the second he gave twice, to the third three 
times, and to the fourth four times as mucli as the 
first. How much did he give to each ? 

Let X = the sum he gave to the first in shillings ; 

then 2x = the sum he gave to the second ; 

Sx = the sum he gave to the third ; 

and 4ar = the sum he gave to the fourth ; 

/. ar+2ar-|-3a?+4a?=:20, or 10a?t=20; 
_20 
•'• ^""10"" ' 
hence, 2s. 4s. 6s. and §9. he gave to each respectively. 

_ _ I 

7. If the distance from Leeds to London be 192 
miles, and two travellers, A and B, set out at the 
same time to meet each other>' A from Leeds and B 
from London; A goes 25 miles»' and B 23 miles a- 
day. In how many days wjll they meet ? 

Let X = the number of days required ; 

then 25x = the distance A will travel before 
he meets B, 

and 23x = the distance B wffl travel before 
he meets A ; 

.*. these distances added together will = the dis- 
tance from Leeds to London ; 

hence, 25;r+234?=192, or 48a:=:r92 ; 

•'• ^""48 • 

8. A Wine Merchant sold 12 g^ons of, wine, at a 
certain' price per gallon, and afterwards 17 gallons- 
more at the same rate, and received £4. 6s. more at 
this sale than at that Required the price per gallon. 

Let X = the price per giall<m in shillings ; 

then 12ar :;= the sunx xecelved for 12 gallons. 
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and 17x = the sum received for 17 gallons ; 

/. -bytiiWcia^stion/tlie difference of these sums is 
= -£4. dsL' or 80 ^hillings ; 

^ hence I7a? — 12x=85, or5a:=85; 

. . /. .a?rs:-y2=17s. 

9. Divide a sum of money amongst A, B, C, and D, 
as follows : g^ve to B 5s. more than to A, and to C 2s. 
mdre than to B, and to I> 6s. l6fes than to C ; the sum 
to be divided is Is. more thaii 8 times the siim given, 
to A. Required each person's share. 

Here, if the Student knew the sum given to A, he 
would readily determine the rest ; 

.'. let ic '== , A's share in shillings ; 

then a?+5 =s B's share in shillings ; 

a?+7 cc O'siphfire in shillings ; 

and 0^4-1 =r 'Yy% share in shillings; 

now, the sum to be divided being one shilling more 
than eight times A's share ; 

,\ $0?+ 1 = the sum to be divided, which, by the 
question, will be equal to the sum of their shares ; 
^ .-. ar-|-jr+5 + a^ + 7 + a7 + l=Sa?+l^ 
or4j?+19=Ba: + l; 
by transposition;! 8a: .-7-407= 13 — 1, 
or 407=12; /. o:=3; 
whence, A's 3, B's 8, C's 10, and D*s 4 shillings. 

10. ^ ^ji4 B, witlji each an equal number of mar- 
bles, began to play with C and D ; after a certain 
nuihber of game&. A- (bniid that he had won 10, and 
that B had Jost 2O.5 A had now twice as many as B. 
How many had each at 'first i^ 

Let X zz. the number each had at first ; 
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then a:+10 =5 the number A had afte^ playing, 

and X — 20 = the number B hiwf after playing^ 

.". by the question, A*s number being equal td twice B's, 

2.(j:— 20)=ar+ lOi or 2ar— 4G=a?+ 10 ; 

by transposition, 2a? — x=:10+40; /. x=60. 

U . A fanner has two stacks of hay, each containiii«^ 
tha same number of tons ; from one of tbem he sd£ 
7 tons, and from the other 14, an4 then.fowd t}iat. 
twice as much remained in one as tlie other. Requir- 
ed th^ number of tons in each stack at first. 

Let 07 ;=:, the, number of tons in each : 

then x-^l ==. the tons left in one,. . . 

and X — 14 = the tons left in the other; 

-•. by the question, 2(a?— 14)=a: — 7, 
or 2a?— 28=ir^7 ; '^ ' 

by transposition, 2x — ^a;==28— r7; .*. »r=21. 



/; 



12. A farmer bought 12 sheep for dElO. 12s.; for 
part of which he gave 23s. a head, and for the rest 15s. 
a head. Required the number of each. 

Let X = the number at 23s. a head ; 
then 23a? =. their pri^e ifx shillii|gs ; , 
also, 12 — X = the number at 15s. a head> 
arid 15.(;12--aO; or t^O^lQx M their price ;' 
. .-. 83ar+18(V--l&i?s:;212'; " 

'V . . » • 1./ . • ■ r 

by transposition, 23a;— 15a::=;212 — 180, ' 
or8a:^32^ .%.a?=:4^, 

whence, there were 4 at 238; and 8 at I5a. a^e«d. 

f3 
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13, What two uttmbers are as 4 to 5, irom each of 
which if 10 be subtracted, the remainders will be as 
2to3? 

Let 4x and 6x denote t)ie niimbers required ; 

then 4a7 — 10, and 6x — 10 will denote the remainders ; 

.-. by the question, 40? — 10 : 5a:— rlO : : 2 : 3, 

and (by Theo, 2.) 12ar-— 30= lOar— 20 ; 

by transpofiitioii, \2x — 10jr=30 — 20, 
or 2x=10; /. jr=5; 

whence 4x=20, and 6x=26 ; .-. the numbers are 20 
and 25. 

Or thus : — * 
Let X =s the lesser number ; 

then 4': 5 : : a: : — =the greater number ; 

also, by the question, x — 10= the first remainder^ 

and -J— 10=the second remainder; 

/. a:— 10:^— 10 :: 2: 3; 

multiplying means and extremes, 

, 3x--30=-y— 20; ..,, 

.-. 6jr— 60=5a: — 40 ; 
• by tAinsposition, fir— ^a?= 60^-40 ; .-. x=20 ; 
whence, the numbers ^i^ 20 tod 25. 

r 

14. Two merchants^ A epA B, entered in partner- 
ship; A advanced £50 more than B; they each gain, 
cd £100, which made their respective shares in the 
proportion of 13 to 12. How much did each person 
advance P 

Let X = the sum A advanced ; 
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.-. by the question, a?-hlOO = A'8 share aft«figain- 

and a: — 50+100, or a?+50 = B's share afteV 
gaming £100; 

.\ Ar-Hioo : a?+do : : 13 : 12 ; 

.-. 12a?+1200=:13x+650; 
by transposition, a: =^550 ; 
whence, A advanced £660, .aod &i6^. 

.15. Between 9 s^d 10 o'clock in the ^venipg, when 
the hour and minute hands are eiactly together. Re- 
quired the time. 

Let X = the time past 9 ; 

then, since the minute hand go6s 12 times* round whilst 
the other goes once, . . 

12 : 1 ::9 + x : x; .-. 12a?=9 + a:; 

by transposition, lla:=9; .*. 0?=— =^^ ^'Vt^ 
the time past 9 o'clock. 

16. Bought two pieced of cloth, which together mea- 
sured 70 yards, for £49. lOa.' ; I .gare 158. pen yard 
for one piece, and 12s. per yard for the other ; this 
latter piece being damaged I retuittied it. How much 

had I to pay ? • , j 

Let X = the nunibei; of y^ds at 15s. per yard ; 

then 70 — x = the number of yards at 12s, per yard ; 

.'. 15a? = the cost of the piece at 15s. per yard, 

and 840i— 12 = the cost of the piece at 12S. per yard ; 

.-, by the question, 1 5a? + 840— 12ar= 990; 

by transposition, ( 3a:=:99O-r^40= 150 ; -. 

150 ^^ ' 

.-. ar=;-r--=:50, . 

whence, 50 jv^9,tril^$imf£2^%i] lOsv Ae sum^lo pay. 
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17. Four men. A, B, C, and D, bought a hive of 
bees for £1 ; A paid one third, B one fourth, C one 
fifth, and D one sixth. How much did each pay of 
the 20s. ? 



1 1 '*" Sac - I ' f 

tlaen -^ • x * • ^ • If ^^^ ^^^ ^ P^^ i^ shillinggj 

^': -r y*'^- 1 +^i=tJie sum e paiain shilling«v 



' :.» 



3a? . 3x X _ _ 

clearing the equation of fractions, 

20a?+15jr+12a:+10a?=400, or57j7=:400; 

/. a:=-T=-= 7-5^8. A paid ; 
whence, A 7-5^^8., B 5|^s., C 4^., and D 5ffs. 



!}§.. -4 person bought a quantity of eggs at two a 
penny, and as many at three a penny, and sold them 
all out at five for two-pence, and by so doing lost 4di 
What number of egg^ did he buy ? 

Let X = the number of eggs at each price, 
or 2x = the eggs bought ; 

then -y=the price of the first quantity in pence, 
and ^=the price of the 2nd quantity in pence ; 
.*. "^+-3-= the cost pnce ; 

4x 

and 5 : 2 : : 2a? : -^= the selling price, which, by 
the 9ue8tion> is less by 4d. than tlie cost price. 
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X X 4x . 

clearing the equation of fractions^ 

15a:+l0a:— 24a:=120; .-. a:=120. 

18. A person at play lost 10s. more than one half of 
his money ; he afterwards lost lOs. more than half the 
sum he had left : on going home, he was met by a 
robber, who took from him half of what he then had, 
and 10s. more ; when he arrived at home, he found 
that he had only £6 left. What sum had he at first ? 

Let X = the sum he had at first in pounds ; 

X 1 

then — +--=the sum he lost at play ; 

X \ (T 1 X—~^\ 

.'. X — 2* — 2' ^^~2 — 2"' ^^ '^~2~' ^ ^® *^™ ^^^ ^^^ 

left after his first loss ; , 

Also, -g — ^2=— j~, and '-^'^'^ ^' ~T~ ~ ^^^ 
sum he lost the second time ; 

his seccmd loss ; .. 

Also, — — ^2=-^, and— g-+— =:thesumhe 

was robbed of, 

J?— 3 af—S 1 
tnen — ^ 2^^' ^^ *^® question ; 

clearing this equation of fractions, 

2a?— 6^ar+3+4as40 ;' 
.'. by transposition, or =47. 
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the gin 1«!^ per gallon ; and hejpaid £4. lOs. more for 
the brandy tnan for the gin. Required the content 
of each cask in gallons. 

Ans. 20 gallons of brandy, and 34 of gin. 

14. The perimeter of a triangle is 3$ chains ; the 
base is 7 chains longer than one side, and 3 chains 
longer than the other. Required the length of ^ach 
side. 

Ans. 15, 12, abd^. 

15. A contributed 15s. more than B towards the 
relief of the poor, and if 25s be added to three qnar- 
ters of B's money, the sum will be equal to A's rgfprjr 
How much did each contribute ? 

Ans. A 55s., and B 408. 

16. A merchant sold two pieces of cloth, by one of 
which he gained 15s. more tnan by the other, and his 
Whole gain was £2. 5s. less than four times the less 
gain. How much did he gain by each piece ? 

Ans. 45s. and ^Os. 

M it . 

17. Ten years ago, A's age was in proportion to B's 
as 2 to 3, but they now find that the proportion is as 
3 to 4. Required each person's age. 

Ans. A's 30, and B'»<4l9. 

18. A cistern, which holds 945 gallons, is fiJlqcL jp 
half an hour by 3 pipes ; the second conveys four.^^|s 
as many gallons as tne first, and the third three-fourths 
as many gallons as the first and second together, per 
minute. How much flows through each pip^ per mi» 
nute ? 

Ans. 10, 8, and 134: gallom. 

19. Divide the number 44 into two such paits, that 
the greater increased by 5, and the less by 7, their 
sums will be in the proportion of 4 to 3. 

Ans. 27 QUdll 
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SO. A farmer hired a labourer for 40 days^ at 3s. 
4d. per day^ for e^ery day he worked ; but fbr every 
day he played he was to forfeit 16d. : at the end of the 
time he received £3. 3s. 4d. How m^ny days did he 
work^ and how many did he play ? 

Ans. He worked 25 days^ and played 15. 

21. Two merchants, A and B, entered into partner- 
ship with a joint stock of £500, by which they gained 
£160 ; of this A received £32 more than B. Requir- 
ed each person's stock. 

Ans. A's stock £300, and B*b £200. 

92. A person bought a certain number of oranges 
at five for two pence, and afterwards sold one half of 
them at two for a penny, and the remainder at three 
a penny, and by so doing gained four pence. How 
many oranges were bought r 

AuQ. 240. 

23. What two numbers are in the proportion of 3 
to 4, and whose sum is to the sum of their squares as 
7 to 50? 

Ans. 6 and 8. 

24. A draper sold a certain quantity of cloth for 
£33. 78. 6d.; for one third of the whole he received 
9s. 6d. per yard, for. one fourth of the whole he receiv- 
ed lis. per yard, and for the remainder he received 
128. 6d. p^ yard. How many yards did he sell P 

Ans. 60 yards. 

25. A certain sum of money put out t6' interest a- 
mounted to £297. 12s. in eight months, and to d6306 
ki fifteen months. Required the sum and rate per 
cent. 

Ans. . £288, at 5 per cent. 

26. Four merchants. A, B, G, and D, entered into 
partnersUip, by which they gained a certain sum ; of 

G 
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ii^cb> A had igdOO less than one half of the whole, 
B £11^ more than one fourth of the whole, C half as 
mack as A, aaad D only two thiida as much as B. 
How much had each ? 

Ans. AdE2200, B £1620, C £1100, tod » £1080. 

-i 

57. A charitable per^n gave twei^-four shillings 
amoogist some poor men, women, and chOdren; each 
man recexred twelve, pence, each woman 9ine pence, 
and each child three pence. Now, if there had been 
two women more, there would hare been twice as ma- 
ny, women as men ;. and had there, been four children 
more, their number would have been equal to three 
times the number of women. Beqnirea ' the number 
of each. ' 



< ■' * 1 4 , ' . f" 



An^'t 7 men^ 12 women, and 32 children. 

2$. Two persons, A and B, received each fOre shiL 
Ungs per day for their labour ; A saved six pence per 
day Tacvoro thaA B,. apd at the end of 4^0 d^ys^,, the a- 
mouiu of his savings was double B's, and .two day's 
expeuses over. What did each person spen^ pc^ 4^y ? 

Ans, A spent 4s. 2d., and B 4s. 8d, 

' 29i A mercer bought a quantity of «ilk at ^s. 2d. 
per yard, and retailed one third of it at 4s« par yieihl, 
one quarter' of the whole at ds. 8d. per yard, <)ne fiftih 
of the whole quantity at ds. 6d. per yard, and the re- 
mainder at ds. 4d. per yard, and by so doing gained 
lUfi. M. '. How many yards did he buy P 

^s* 30. 

90. A and B began to play witii equal sumsof mo- 
ney ; A won 20 sovereigns ; B afterwards won half the 
money A had ; he then found that he had twice as 
mnch money as A. How much money had each per. 
son at first P 

Ans. 60 sov^eigns. 
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31. A person being asked the hour of die day> an* 
swered, mat tf three eights of the hours remaining tiS 
midnight be multiplied by 4, the product will as mndi 
exceed 12 hours, as half the present time from noon 
is below 4. Required the hour of the day. 

Ans. 2 o^clock, p. m. 

32, A bi31 of £36. 5s. was paid in half guineas and 
crowns, and the number of pieces U3ed of both sorts 
Mras 90. How many were there of each ? 

Ans. 50 half guineas, and 40 crowns. 

33: Two pa^sonsi, A and J3y have each the same 
annual income ; A sares one fifth of his yearly, and 
B, by spendii^ £60 per annum more ihun A, at the 
end of three years finds himself £100 in debt Be* 
quired each person's income and expenditure^ 

Ans; £133. 6s. 8d. yearly income ; A spends 
£106. 13s. 4d., and B £166. 13s. 4d. 

34. Divide 36 into three such parts, that one half of 
tlheiirst, one third of the second, and one fefurth of the 
third may be equal to each otiierw - ^ i 

Ans. 8, 12, and 16. 

35. What number is that, which bein£p^divl4ed into 
three equal parts, and also into four equsu parts, whose 
continued pi'odudt, in each case, is the same ? 

^^^^ 

36. After A bad be^i dispatch^ 16 hours on his 
journey from Leeds to London, a distance of 192 miles, 
B started to overtake him; in order to do this, he 
fbund that his rate of travelling must be to A's as 3 to 
2. How many miles did' each pcirscm travel pejp hour ?, 

Ans. A 4 miles, and B 6 nules. 

37. A draper bought a quantity of cloth for £62 
lOsi, after parting wiSi 10 yards to a friend, he sold 

g2 
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the remainder for £65, by which he gained 10 per 
cent. How many yards did he buy, and what dia it 
cost him per yard ? 

Ans. 50 yards at 25s. per yard. 

38. Bought a horse for a certain price, and found 
that if I coold sell him for 60 guineas, I should gain 
twice as much per cent, as I should if I sold him 'fbr 
50 guineas. Required his prime cost 

Ans. 40giiineas. 

39. A merry young fellow in a short time spent one- 
fifth of tis fortune ; by the advice of his friends he 
gave £2200 for a place in the Guards; his profusion 
continued till he had only 880 gulnieaB left, which' he 
found was three-twentieths of his money after the com- 
mission was bought. Pray what was his fortune at 
first? . 

Ans. £10450. 

40. Three boys met a girl carrying apples to the 
market : the first took half what she had, bat returned 
to her ten; the second took one-third, but returned 
two ; and the third took away half those she had left, 
but returned one : she had then twelve apples left;. 
How many had she at first ? 

Ans. 40. 

41. By sliding out the bottom of a ladder, which 
was placed upright against a wall, 10 feet from the 
wall, I observed the top to fall one yard. Required 
the length of the ladder. 

Ans. 18 feet 2 inches. 

42. A mason having to form a stone for a circular 
window top, to rise 20 inches, what radius must he 
take to strike the arc, the breadth of the window being 
4 feet 2 inches P 

Ans. 25.625 inches. 
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43. Required the area of that square, the pavi^ 
of wMch^ at twp shilling per square y^, ,eQst^ niqc)^ 
as inclosing it at six ^hiUingB per y^id, lin&d me^^r^ 

ims. 144. 

44. Required the aide of that cube, whose solidity 
contains as many cubic incties, as the sides do square 
inches, . . » 

'4SS^. 'Reqtiired the side of that cube, whose superficies 
is.tpm isiUidity as jS to U* ..•/.... 

Ans, 11* 



._ 4€. Required the diameter of that globes who^eso- 
lioJIQr 93pA wsperficial conteniLare ^usd to each o(^r., 

47. Q^^ured the diameter of that globe, whose su- 
peiriicieB is to its solidity as 12 to 3. 

4bg. H^uired,the si^e of diatequiia^ral p^ajof^ 
w^Qse ai^ea cost as muclb paving, at eight pence per, 
fcH>t, tEis pallisading the time sides did at a guinea per 
yard. .. 

Aris. 72.746, 
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SIMPLE EQUATIONS 

V 

OF TWO OR MORE UNKNOWN QUANTITIES. 



)< 



In the solution of eauations containing two or more 
unknown quantities, tnere must be as many indepen- 
dent equations as there are unknown quantities, in or- 
der thatthe unknown quantities may have detemiin^te 
values, which may be found by the following rules : — 



Ruts I. 



'/ 



1. fVhen the given question contains two equations, 
each containing two unknoum quantities, as in the first 
example, find the value of the same unknown quantity , 
in terms of the rest of the equationj in each equation, 
then, by the 5 th axiom in Def. 4, things which are equal 
to the same things are equal to each other, a new equa~ 
tion will be formed containing, one unknoum quantity 
only, which may be solved by tne rules already given. 

2. But when the given question eoniams ihree equa- 
tions, with three unknoum quantities, as in example 2d. 

find the value of the same unknotvn quantity, in each 
equation, in terms of the rest, as in example 2d., then, 
by axiom 6, two new equations may be formed, each 
containing two unknown qtumtities, which may be solved 
by the first part of the rule. 

d. Also, when the given question contains four equa^ 
tions, each containing four u/nknotim quantities, find the 
value of the same unknottm quantity, in terms of the 
rest of the equation, then, as above, three new equations 
maif be formed, each Containing three unknown quanti- 
ties ; ihertfore, by the. second part of the rule, the value 
of each ma^ be found, and so on, for any other number 
ofeqiMtions. 
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I. Given 3jC+2y=I8,r g^jj^gyj^j^gg^f^^jjj 
and 2a>-y=6,X , j, ,, 

Here, from the first equation, 3x=18 — 2y ; 



• • 



x=-^. (a) 



!• .' Vf 



From the second equation^ 2x=5+y ; 

•••-='-?• cb) . 

Then (by ax. 5th.), r-g^=s — g — ^^ a new equation, con- 
taining one unknown quantity only. 

Multiplying this equation |>y 6, the least common 
multiple of 2 and 3, 

15+3y=36 — 4y; 

by trani^position, 3y+4y=36-*-15, 
or 7y=321 ; .% y=3. 

Substituting this value of y, which is 3, in the equa- 
tion (a), a:= — g — =="3"=4 ; 

Or^ if the value of y be substituted in the equation (b) 

whence, ar=4, and y=3. 

Or thus : — 

From the first equation, 2y== 18— 3x ; 

18— at , ^ 
..-. y=--5— . (A) 



Note. — ^When there are more unknown quantities tkan in- 
dependent equations, some of these quantities cannot be deter- 
mined, except in terms of the rest ; but if there be more inde- 
pendent congruous equations than unknown quantities, some 
of the equations are unnecessary. 
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Also, from. ^e. second ^qu^on^ 3r=^2i7--5 ; (o) 

.% (by ax. 5th.), 2a:--5= — — ■ ; 

miiltiplying fey 8,. 4aj^J[0=18 — 3x; 

by traxisposilion, 4j^+3x=5 18+10, 

or 7:^^29 1 . V dR=54 ; 
substituting this value of ar, iii.the equation (a)^ 

18— 3>C4 6 „ 

or if this value of ir be substituted in the equation (b)^ 

y=2 x4U5==8^t=3 ; * 
whence, a?=4, ali& y=i^. ' 

Here, from the first equation, 4^=28— 3ar — 2y ; 

28— 3d^-2y 
A £= T^' W 

from the second equation, 2«='ll — 6a?+3y ; 
also, from the third equation, 8z=9x + 6y — 4 ; 

then (by ax. 5th.), j = — -^ — ^ ; 

multiplying this new equation by 4, 

2^— 3a?— 2yi=22— 12x+6y ; 
bytranspoatioiiy ^8— 22=3a?— 12i?+2y4-6y,tr 






vv. *. ".tl\ 
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also (by ax. 5), ll---6j?-h3y _ ftH-6y-4 • 

2 "" S ^ 

multiplying this new equation by 8, 
44— 24a: + 1 2y = 9a: + 6y— 4 ; 

by transposition, 44+4=24ar+9a:+6y — 12y, 

or 33ar— 6y=48 ; 

33ar— 48 , ' ' 
•'• y= 6~5 (E) 

,-. (by ax. 5th), — g — = ~g^ 5 

multiplying this equation by 24, . 

132ar— 192=27a?+i3; .. 

by transposition, 132a7 — 27ar= 1^+18, 
or 10507=210; .-. a:=i=2. 
Substituting this value of x, in the equation e, , 

33x3—48 18 ^ 

y= — 6 — =T=^- 

Also, substituting the values of « and y, in the equa- 
tion A, 

28-3x2—2x3 28—6—6 16 ' 

4 4 4 *' 

whence, a;=2, y=3, and a=4. 

Note. — The value of z may be found by substituting the 
values of x and y, in any of the equations, A, B, or C. Also, 
the value of y may be found by substituting ihe value of a, in 
the equations D or E. 



KULE II. ' ^- 

Multiply or divide the given equations by any number 
that may be convenient, to make one unknmon quantity 
in each equation the same ; then, if these quantities have 
like signs, the difference of the equations must be taken, 
in order to exterminate one of the unknoum qtumtities. 
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But if the equal quantities have unlike si^, then their 
sum mu4t be taken, in order to exterminate one of the 
unkruywn quantities. 

1. Given 3a:+2y= 18, > to find the values of x 
and 2a? — y= 6, j and y. 

Here, multiplying' the second equation by 2, 
4a?— -2y = 10 ; 

but 3a:+2y=18, (the first equation,) 

' ' '■ ■ ■ ■ ■. 
by addition, Ix =28* ; .*. ar=4. 

Substituting this yalue of or, in any of the above equa- 
tions, y will be found =r 3. 

Or thus : — 

Multiplying the first equation by 2, and the second 
by 3, 

6ar+4y=36; (a) 

and 6x — 3y=15; 

by subtraction, 7y=21f ; .•. y=3. 

Substituting this value of y, in liie equation (a), 

6^+4x3=36, 
or, 6a:+ 12=36; 

, ^tOf.transpqsition, 6x=36r-12=;:24r, ; . ^ ., 

Or thus:— 
Dividing the first equation by 2, 



* NoTB. — ^The — 3y and 2y are like quantities, and bave un- 
like signs ; therefore, the sum of the equations is taken in or- 
der to extermifiatte tile y* '^ * 

f Here the unkooito quantity «^ is estendnaled. 
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but 2x — y=5; 
by addition^ 7af_^ ^ 

.-. 7ar=r28, or ar=:4. 

Substitutii^ this value of j:, in one of the above 
equations, y=3- 



2. Given 3^y+4z=28,V^^ ^^^ ^^^ ^^^^^ ^^ 

. and 9a:+6y— 8«= 4,) ^' ^^ ^• 
Here, multiplying the second equation by 2, 

12a^— €y+4«=22 ; 
bi^t 3j?+2y+4«=28 ; (the 1st equation) 



1 1 » i< 1 



by subtraction, — 9x+8y=6. (a) 
Note. — ^By this operatLon, z is exterminiUied. 

Also, multiplying the first equation by 2, and add- 
ing the product to the third equation, 

6;r+4y+82r=56, (twice the 1st equation,) 
but 9x+6y—Sz=: 4, (the third equation,) 

by addition, 15x+10y=60. (b) 

By this operation the x is also extermiiiated, therefore,^here 
are two equations, viz. A and B> each containing two unknown 
quantities. 

Multiplying the equation a by 10, and the equation 
B by 8, 

— 90a?4-80y=60 (10 times the eqiwtion a), 
120x+80y=480 (8 times the equation b). 



210a? =r420, by subtraction ; .-. x=2. 
Substituting this value of ar, in the equation b, 
15x2+10y=:60, or 30+10y=:6O; 
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by transposition, 10y=60 — 30=30 ; 

30 ^ 

Also, substituting the values of x and y in the first 
equation, viz. 3a:+2y4-4r=28, it becomes 

6+6+421=28; 

by transposition, 42;=; 28 — 6 — 6, 

or4z=16; .*. «=— r-=;:4. 



Rule III. 

Find the value of one of the unknown quantities, in 
terms of the rest of the equation^ and ^bstitnte its valv^, 
ihusfou/nd, in the other equation. 

1. Given 3a:+2y=18, > to find the values of x 
and 2x — y= 6, \ and y. 

18— 2v 

From the first equation, by Rule I, x-=, — - — . (a) 
Substituting this value of or in the Second equation, 

multiplying this equation by 3, 

36 — 4y— 3y=15; 
by transposition, 36 — 15=4y+3y, 
or21=7y; .*. y=3. 

Substituting this value of y, in the equation (a), 

18— 6 _ 12^ 
-; *~" 3 "" 3 ' 

Or thus :-^ 
From the second equation, y=2ar — 5, (a) 
substituting this value of y, in the first equation, 
3x+2.(2ar— 5J=18, or 3a? +^0?— 10=18 ; / 
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by transpositioii^ dx+4x;slQ'^lO, or7a;=s28; 

Substituting this value of x, in the equation (a), 

y = 3- 

Note. — ^This method of solution is applicable to the second 
example, or to any question containing four or more equations, 
with the same number of unknown quantities. 

EXAMPLES^ 

With their solutions^ by the 2nd, Rule. 

' 1. Given -~+-|-=8, ) 

2j. ^ > to find the values of a? and y. 

Clearing the first equation of fractions, 

4a?+3y=96; (a) 

clearing the second equation of fractions, 

6a'+6y=168; 

dividiiig this equation by 2, 

3a74-3y=84; 
but 4a:+3y=96; 

by subtraction; xss 12 ; 
whence, by transposing the equation (a), 3y=84 — 3a: ; 
substituting tliis value of x, in this equation, 
3y= 84^-86=548; .-. y=;16. 

2. Given 6ar--20=3y+ 2,> to find the values of x 
and3ar+ 6=7y — 12,5 and y. 

From the first equation, by transposition, 

5a?--3y=22; (a) 

from the second equation, by transposition, 

3a?— 7y=: — 18 ; 
H 
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multiplying the first of these equations by 7, and 
the second by 3, 

36x—2ly=z 154; 
9a>— 21y=— 54; 

by subtraction, 26x = 208 ; .•. ar=8, 

whence, by transposing the equation (a), and substi- 
tuting the value of a? therein, 

3y=:5a:— 22=40— 22= 18 ; .-. y=6. 

and 12-^''=^+4. C 1"«« «f * ««"* V- 

Multiplying the first equation by 20, 

8jt7— 4y + 150=507+ lOy + 10+ 120 ; 
by transposition, 8x— 5j7— 4y — 10y=10+120 — 150, 

or 3a?— 14y=i— 20. 

Multiplying the second equation by 12, 

144— 3ar— 3y=2a:+6y+48 ; 

by transposition, — 3a?-^2a: — 3y — 6y=48-*-144, 

or5a:+9y=96; 

multiplying this equation by 3, land the other by 5, 

15a?+27y= 288; 
an4 J5j:— 70y=— 100 ; . 

by subtraction, 97y= 388 ; .V y=4 ; 
whence, by transposition and substitution^ . 
5a:=96—9y=96— 36=60 ; /. x=i2. 

4. Given ^=36,) 

2ax—iy £ ^^ ^^^ ^^® values of X and y. 
and "^3 ; = c, j 

Multiplying the first equation by 4, and the second 
by 3, 
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ax+by=l2b; (a) 
and 2ax — ^= 3c; 

by addition, 3ax = I2b+3c ; 

l2H-3c 4H-C . 
•*• ^"" 3a "" a ^ 

substituting this value of x, in the equation (a), 

46+c+5y=126; 

by transposition, by=: 1 2b— 4b — c= Sb — c ; 

Bb—c 

•• y— ft • 

4y-^ «+^9^ )tofindthe 
5. Given 2a: r =12+ — r ,V values of 

\ ^ and V. 
and 2x : Sy :: 4 : 6, 3 

Multiplying the first equation by 6, the least com- 
mon multiple of 6 and 2, 

24^— i>— 4 ^^ . 6a:+6«— 3 
12ar— -^-7 =72+--^-t2-— . 

Also, multiplying this equation by 20, 
240ar— 120y + 5a? + 20= 1440 + 24a: + 24y— 12 ; 
by transposition, 240a: + 5a: — 24a:— 120y—24y= 1440 
—12—20, or221a>— 144y=1408. (a) 

From the second equation. Theorem 2, 

10ar=32y, .-. ar=^. (b) 
Substituting this value of x, in the equation (a), it 
becomes, l^^iUy^UOS; 

/. 7072y—1440y= 14080, or 5632y= 14080 ; 

.-. y = 2^. 
Substituting this value of y, in the equation (b), 

^-^10— lo=®- 

H 2 
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EXAMPLES FOR ^kACI^CE, 
f • • 

In Simple EquatiaM of two tinknotvn Quantities. 

V ■ .ab*.{;=?: 



,4f 



3. Given5a?+4y=22,7 
and 7a?^-5 =3y, j 



to find the values ofxhxxdy, 

x±z2. 



Ans. 



4. Given 4a? — ;y+4=^21,2 to find Jthe values of x 
and 5a? +'^^9=?4!^, 



andy. 



Ans. 



5. Given 
and 






x=6. 

y=7. 



to find the valued of x 
and y. 



AnSi 



ar=:12. 



iven7x+f =30, > 
and7y+^=36fj 



find the values of x 
and y. 



Ans. 



a?=4. 
y=5. 
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9x+y ■\ 

7. Given— T-+a^=4. ( t^ find the values of x 






^dZ^_o,_^ ( aady- 



8. Given— 2 j — y— ^> I to find the va- 

, 3y+4 4 , - i lues of a: and y. 



, ar=2. 






. Given -^H- 6=12— 



9. Given— j^+ 6=12— y, (to find the values 
and4^ + 13 = .+y+4,5 -^^^''^r. 

-V Ans. < ^,__q 

c y— '• 

3ar+2y ay+6 

10. Given "7f~— ""9^* f to find the values of a- 



, ^±^ii— 3 r ^^ y* 



C ar=4. 

11. Given — ^ g ho— ' g 

and ^-=-^— ' 
to find the values of x and y. ^ ^_g 

x+v 4t+v « ? to find the 

12. Given7+-^=-3^+y— 2:p. ^ values of x 

anda;+l:y ::6 : 14, 5 and y. 

'^ -= 3-J-. 



h3 



Ans. \^'^=i>^4^. 
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13. Given l2a.^'.^:±^-l0y=4y+'-±^\ 



1 

and3j?+y+l : 2*+4::6:5, 3 

to find the values of x and y. 

Ans. \ *=3- 

14. Given 22±|±L«_?^=^.^tofindthe 

and 2lh|±l:2fz|l±::9:i2,ptd/ 

15. Given J^+e^=l2-^^^± 

values of 




and ^+7i=in+^, 

^^- \ y=U'. 

16. Given ^+9^=^-^,) to find the 

•f8^.jH-8 > values of or 

and ^^ =3f+3, jandy. 

17. Given 3x+^=y+2\^^^,) to find the 

2ar+4y > values ofx 



O to find tl 
> values of 
I and y. 



and :r+— y-^=l2— ar, 

18. Given ?= J^, } ^^Jf 

and H3f_ 3»-2» 3g ite+i f values 

and y. 
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,n i-.. <i 9+% , 1 f to find the values 

19. Given -^+^=a:+^, V ^^ ^^^ ^ 

and 63a7+y=258, J 

JO. Given i^^=^=2y— 1, ^ to find the 

12V+1 4a:+y /- values of if 

and 7ar--i^ti-==9-.--|^>j and y. 

\y=4. 

21. Given ax—--j^=z3ax, f to find the values of 
and a:b::x:y, y^ndy. 

ab 






2y+4 

22. Given 5x — 
and ^S' 






8 

to find the values of x and y. 

Ans. ^ ^=^- 
\y=4. 

23. Given8a:+5y+62r=d6,?, - , ^. 

3j;-_2y+3^=: 7 ^to fend the values of 

and 2a:+%- 2;j=26! S ^* ^' *^^ ** 



Ans 



24. Given 2tt?+3j?—2y+ «=15,) 

4a?— y+3w-2«= 9/ to find the values 
32r+4y-2ar-. w=17,r w, x, y, and z, 
and 4y— 5a7+22r+4w=10,) 

Ans. t(;=s2, x=i\, ij=i^,^\A'2.^=.^. 
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THE APPUCATION 

Of Simple Equations of two unknoum quantities, with 

their solutions, 

1. Says A to B, if six years were added to my age, 
I should be as old as you ; but if eight years were 
added to your age, you would be twice as old as me. 
Kequired each person's age. 

Let x=z A's age in years, 

and ^= B's age in years ; 

Thena?+6=y; andy+8=2ar; 

transposing the first Equation, y — a:=6 ; 
transposing the second Equation, — y+2a:=8 ; 

.•. by Addition, a: =14. 

hence, y=ar+6=14+6=20; 

.'. A is 14, and B 20 years of age. 

2. Says A to B, if I had four of your marbles, 1 
should have twice as many as you ; but says B, if I 
had six of your marbles I should have eight times as 
many as you. Required each person's number. 

Let a:=the number A had, 

and y=:the number B had ; 

then X + 4=the number A had after receiving four of B ; 

and y-^=the number B had after giving four to A ; 

.\ ar+4=2.(y — 4), or a7+4=2y — 8; 

by transposition, 2y — ar=12; 

but y+6=what B had after receiving six from A, 

and X — 6= what A had after giving six to B ; 

/. y+6=8. (x— 6), or y+6=8a;— 48; 

.'. by transposition, 8a? — y=:54. 
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Multiplying this equation by 2, 

16a?— 2y S3 108; 
but 2y — ar= 12; 

by Addition, l^a?=:120; .-. arrzS; 
hence, 2y=«+ 12=8 + 12=20; .-. y=10, 
, _ /. A>ad 8, and B 10. , 

3. A drsupier sold a cer^ajp ..quantity, of clptb, con- 
sisting of blue and black, for £59. For the blue he 
charged 18s. and for the black 16s. J>er yard. He 
found, however, that if he had received 16s. for the 
blue, and 18s. for th^ bladi;, per yarc^ he should have 
received £60. How many yards did he sell of each 
sort ? 

Let ar=the mimber 6f jra^ds of blue, 
and y=the number of yards of black; 

.•. 18x=s value of the blue, 
and 16^=yalue of th^ black ; 

but if, by the question, the blue was charged 16s. 
and ihe black 18s. per yard> 

then 16:r= value of the blue, 

and 18y=i:VaJdeof{Heblack;* " 

then l8a?+l^y= 1180, 

and 16ar + i8y=1200; 

by Subtraction, — 2a?+ 2y= 20; 

multiplying this equation by 9, 
— 18a?+18^i=: 180; 
but 16^7+ 18ys=: 1200; 

by Addition, a4a?=1020 ; .\ a?;s=30 ; 
hence, 2y=20+2a:3c20+60=s:80.; .\y=;40; 
.*. he sold 30 yards of blue, lU^ 40 of black. 
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4. Bought a certain quantity of sugar, at 45s. per 
cwt, and a quantity of currants at 58s. per cwt., for 
£88. 10s., and sold the sugar at 2s. and the currants 
at 3s. per cwt. advance, and gained thereby £4. 5s. 
How many cwt of each did he buy •* 

Let x=:Xhe number of cwts. of sugar, 

and y=the number of cwts. of currants ; 

then 45 J7= value of the sugar in shillings, 

and 58^= value of the currants in shillings; 

.-. 45ar+58y=1770, (shillings in £88. 10s.) 

also> 2;v=the shillings gained by the sugar, 

and 3^= the shillings gained by the currants ; 

.-. 2ar+3y=85. , 

Multiplying this equation by 58, and the other by 3, 

116a?+174y=4930, 
and 135ar+174y=5310; 

by Subtraction, 19ar = 380 ; .-. a:=20 ; 

hence, 3y=85—2a:=85— 40=45; .-. y=15; 

whence, he bought 20 cwt. of sugar, and 15 cwt. of 
currants. 

5. What fraction is that, to the numerator of which 
if one be added, its value becomes one-half; but if 
three be added to the denominator, its value will be 
one-third ? 

Let — =the fraction required; 

^+1 1 
then-^=Y ; .-. 2x+2=:y; 

by Subtraction, x — 2=3 ; 
.•• a:=5, the numerator. 
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hence, y=2ar+ 2=10+2= 12, the denominator; 
whence, the fraction i^To- 

6. A certain sum of money put out to interest for 
ten months^ at a certain rate per cent, amounted to 
£361. 13s. 4d.; and in eighteen months it amounted 
to £371. Bequired the sum and rate per cent. 

Let x=the sum in pounds, 
and yisthe rate per cent. ; 

then ^^=t^c interest for one year ; 

£. £. 

and 12 : -j^ : : 10 : -i^=the interest for ten 
months ; 

multiplying this (equation by 120,. 
120ar+ary= 43400; (a) 

£. 

also, 12 : "J^r r is l i^~~^o^= t^® interest 
for eighteen months. 

. ^ j_ ^ 071 . 

multipl3ring this equation by 200, 

200a? +3a:y= 74200; 
but 360a: + 3a:y=130200(= 3 times equation a) 

by Subtraction, 160a: = 56000; .•.a:=350; 

substituting this value of a: in the equation a, 

42000+350y=43400; 
by transposition, 350y= 1400; .-. y=4; 

whence, the sum put out is £3^0, at four per cent, 
per annum. 
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7. There is a number, consisting of two digits, the 
first of which is greater than the second, and if the 
number be divided by one more than the sum of the 
digits, the quotient will be 6 ; but if the digits be in- 
verted, and that number be divided by the sum of the 
digits, the quotient will be 4. Required the number. 

Let X denote the first digit, or that in the ten's place, 
and y denote the 2nd. digit, or that in the unit's place ; 
then x+yzzzthe sum of the digits, 
and 10j;+y=the number ; 

.'. by the question, ^^^^^ =6, 

or 10ar+y=6a;+6y+6 ; 
by transposition, 4x — 6y=:6, 

Also, by the question, ' , ■=4y> 

or 10y+a:=4a?+4y ; 
by transposition, 6y — 3a:=0, or 2y — ar=0 ; 

Multiplying this equation by 4, 

8y— 4a7=0 ; 
but Ax — 6y=i6'y 

by addition, 3y = 6, 

or y = 2; .v x=^2yzz:i; 
whence, the number is 42. 



Note. Inverting the digits, is placing the y, which is in 
the unit's plax^e, in the ten's place, and placing the x, which 
is in the ten's place, in the unit's place. Thus, in the above 
example, lOH-y denotes the number ; but when the digits arc 
inverted, lOy-f ^ denotes the number. 
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EXABfPLES FOR PRACTICE 

In Simple Equatiom of two tmknown quantities. 

1. A draper bougHt two pieces of cloth, one at 18s. 
per yard, and the other at 16s. per yard, for dB43 ; 
and three tnnes the length of the piece at 18s. per yard, 
exceeded four times the length of the piece at 16s. per 
yard by ten yards. Required the lengm of each piece. 

Ans. 30 yards at 18s., and 20 yards at 16s; 

2. A bill of £27. 5s. was discounted in half guineas 
and half crowns, and three times the number of half 
guineas exceeded twice the number of half crowns by 
20. Required the number of each. 

Ans. 40 half guineas, and 50 half crowns. 

3. A mercer bought two pieces of silk for £8. 12s. 
the first 18 yards and the second 20 yards, and 7 yards 
of the first piece cost 3s. more than 5 yards of the se- 
cond piece. Required the price per yard of each piece. 

Ans. First 4s. and second 5s. per yard. 

4. A gentleman bought a quantity of brandy at 5s. 
a bottle, and a quantity of rum at .3s. 9d. a bottle, and 
paid twice as much for the brandy as for the rum. 
Had he bought as many bottles of brandy as he bought 
of rum, and as many bottles of rum as he bought of 
brandy, he would only have paid 5s. more for the rum 
than for the brandy. How many bottles of each did 
he buy ? 

Ans. 12 of brandy, and 8 of rum. 

5. A farmer sold 30 bushels of wheat and 40 bushels 
of barley, and received for the whole £25 : he also 
sold 50 bushels of wheat and 30 bushels of barley, and 
received for this bargain £7, 10s. more ths^l he did 
the former time. Required the price of each per bushel. 

Ans. Wheat 10s., and barley 58. 
I 
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6. A certain sum of money put out to interest, a- 
mounted to £297. 12s. in eigbt months, and in fifteen 
months to £306. Required the sum and rate per cent. 

Ans. dS288 at 5 per cent. 

7. Required that fraction, whose numerator increas. 
ed hy 2, its value becomes one-half, but if one be add- 
ed to its denominator^ its value becomes one-third. 

Ans. t:?. 

14 

8. A butcher bought 12 sheep and 7 oxen for £150 ; 
he afterwards bought 21 sheep and 6 oxen for the same 
sum. Required tne pripe ofeach. 

Ans. Sheep £2 each, and the oxen £18 each. 

9. A gentleman left his son and daughter each a 
legacy, part of which was to be paid at six months, 
and the remainder at twelve months aft;er the fathei^s 
death ; at six months the executors paid them £800, 
giving to the son five-sixths of his l^^cy, and to the 
daughter three-fourths of her legacy : on winding up 
the afiairs, at the end of twelve months, they found 
that there only remained for the children £100, of 
this they gave to the son three-fifths of what remained 
due to him, and to the daughter two-fifths of what re- 
mained due to her. How much did the father leave 
to each ? 

Ans. £600 to the son, and £400 to the daughter. 

10. There is a number, consisting of two digits, the 
first of which is greater than the second ; now, if the 
number be divided by twice the sum of the digits +2, 
the quotient will be 3 ; and if the digits be inverted^ 
and that number be divided by 7 times the difference 
of the digits +2, the quotient will also be S. Requir- 
ed the number. 

Ans. 96. 
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11. There is a certain number, if to the product of 
whose digits you add twice the right-hand digit, the 
result will be seven times that digit ; but if to six times 
the sum of the digits you add d, it will be the number 
required. What is that number ? 

Ans. d3. 

12. A and B played at marbles, B won three-fourths 
of what A had, and then lost one-half of his stock ; 
then he had only two-thirds as many marbles as A ; 
but when A gave him 10, they had each the same 
number. How many had each at first ? 

Ans. A had 80 9nd B 20 

13. Find two numbers, the greater of which shall 
be to the less, as their sum is to 21, and as their dif- 
ference is to 3. 

Ans. 16 and 12. 

14. Find two numbers, whose sum, difference, and 
quotient, shall be as the numbers 4, 2, and 1, re- 
spectively. 

Ans. 9 and 3. 

15. A person measured a rectangular court yard, 
and found that if 5 feet were added to each of its du 
mensions, its area would be 250 feet more ; but if 6 
feet were added to the length, and 4 to the breadth, 
its area would be increased by 244 feet. Required its 
lengfth, breadth, and area. 

Ans. Length 25, breadth 20, and area 500. 

16. A farmer bought calves at £2. 10s. each> and 
sheep at 30s. each, which together cost him £125, and 
found that the number of calves was to four.fifths of 
the number of sheep more than the number of calves, 
as 5 to 6. Required the number of each. 

Ans. 20 calves, and 50 shee^. 
1 2 
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17. After A had been dispatched 16 hours on his 
journey from Leeds to London^ a distance of 192 
miles^ B started to overtake him as he entered the 
city ; in order to do this^ he found that the time it 
took him to travel 33 miles^ added to the time it took 
A to fa-avel 22, must be exactly 11 hours. How many 
miles did each travel per hour ? 

Ans. A 4 miles, and B 6 per hour. 

18. A farmer mixed 28 bushels of barley at 2s. 4d. 
per bushel, with rye at 3s. per bushel, and wheat at 4s.» 
so that the whole mixture may consist of 100 bushels^ 
and be worth 3s. 4d. per bushel. How many bushels 
of rye and wheat did he mix with the barley ? 

Ans. 20 of rye, and 62 of wheat. 

19. A person measured a rectangular field, and 
found if the length was increased by 4 chains and the 
br^eadth by 3, the adjacent sides would be in the ratio 
of 4 to 3 ; but if each side was decreased by 3, the 
ratio of the adjacent sides would be as 3 to 2. Re- 
quired the area of the field. 

Ans. lOa, 3r, 8p. 

20. Find two numbers in the proportion of 4 to 6, 
from which two other numbers, in the proportion of 
6 to 7, being respectively deducted from them, the 
remainders shall be in the proportion of 2 to 3, and 
their sum equal to 20. 

Ans. 2 first numbers, 32 and 40, and the 
others, 24 and 28. 

21. A draper sold two pieces of cloth, one 20 and 
the other 30 yards, for £45 : he received for 8 yards 
of the shorter piece £2 more than he did for 4 yards 
of the other. Required the price of each piece per 
yard. 

Ans. The shorter piece 15s., and the other 
20s. per yard. 



» 
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^2. Required that number, one-fourth of which is 
equal to the difference of the squares of its digits ; and 
if the number be added to three-fourths of itself, the 
digits will be inverted. 

Ans. 12. 

23. Required three numbers, such, that if one-half 
of the first, one-third of the second, and one quarter 
of the third be added together, their sum will be 62 ; 
also, if one-third of the first, one-fourth of the second^ 
and one-fifth of the third be added together, their sum 
will be 47 ; but if one-fourth of the first, one-fifth 
of the second, and one-sixth of the third be added to- 
gether, their sum will be 38. 

Ans. The first 24, the second 60, and the 
third 120. 

24. Three workmen. A, B, and C, being employ- 
ed to build a house, it is found that A and B together 
can earn £2 in six days, A and C together can earn 
£2. 1 4s. in n^ie days, and B and C together can earn 
£4 in fifteen days. How much does each person re- 
ceive per day ? 

Ans. A 3s. 8d., B 3s., and C 2s. 4d. 



N. B. — Questions 23 and 24 are solved by three unknown 
quantities. 
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A Pure Qimdratic Equation is that which contains 
the second power of the unknown quantity^ without 
any other power of it. 

Thus, a?*=9, y*=16^ a:*==a, &c. are pure quadratic 
equations, the value of the unknown quantity, in each 
case, being determined by extracting the square root 
of both sides of the equation, and they become as fol- 
lows : — 

Here the sign of the value of the unknown quantity is 
cither + or — . 

Cor, The square root of any quantity being either 
+ or — , pure quadratic equations admit of two an- 
swers. Thus, +3X+3 make 9, and by Note 4th, 
Case I. in Multiplication, — 3 x — ^3 make 9, and each 
value, when substituted for x in the given equation, 
answering the conditions of the question. 

If the square of the unknown quantity have a coef- 
ficient, or be connected with any known quantity by 
the sign + or — , such known quantity must be trans- 
posed to the other side of the equation, as in example 
first, then divide by the coefficient of the unknown 
quantity, and extract the square root of each side of 
the equation in order to find its value. 

Pure Quadratics and others solved without completing 

the square. 

1. Given 4x^ — 16=48, to find the values of ar. 
By transposition, 4a:*=48+ 16=64, or a^= 16 ; 

/. a:=±4. 
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2. Given a?y=48,'\ 

, ^_rt >to find the values of x and y. 
an y— > ) 

From the second equation, ar=3y ; 
substituting this value of a? in the first equation, 
3y2=48, ory2=i6; 
/. y=±4, anda:=±12. 



a:— -y \ y \\ 1 I 4,) to find th 
ar^—y2= 81, j and y. 



3. Given x — v ! V ! ! 1 I 4, ) to find the values of x 
and 



By Theorem 3rd, from the first equation, ar : y : : 5 : 4 ; 

by Theorem 2nd, 4^=5y; /. y=^-r> ^^ y^=~^'y 
substituting this value of y^ in the second equation, 

X ^ — oi , 

.-. 25a?*— 16^:^=2025, or x^=226 ; 
,\ ar=±15, andy=±12. 

4. Given a:+y : y : : 5 : 2,) to find the values of 

and ar^+y'=117, i a: and y. 

By Theorem 4th, from the first equation, 

x:y::3:2; .-. y^-j, ory2=~; 

substituting this value of y* in the second equation, 

« 4x2 
x^+--=:U7; 

/. 9 j;«+4ar2=: 1053, or 072=81; 
.-. 07= ±9, andy=±6. 

5. Given x+y : a:— y ! : 7 : 1, > to find the values 

and x^ + y2= 100, J of ar and y. 

By Theorem 5th, from the first equation, 
2x :2y ::8 :6; 
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dividing the proportion by 2, (Theorems 9 and 10,) 

^ : y : : 4 : 3 ; 

.-. 4y=3ar, or y=-j, or y^=jg- ; 
substituting the value of y' in the second equation^ 
a:'+ig=100, or 16a7^+9a:«=1600, or x^=64: ; , 

Sx 

/. a?=±8, andy=-j-=±6. 

6. Given a?+y : x — y I * 4 I 2, > to find the values 

and xy^=48, 5 ^^^ ^^^ y* 

By Theorem 6, 2y : 2^; : : 2 : 6 ; 
dividing by 2, y : a? : : 1 : 3 ; /. x=:3y ; 
substituting this value of x in the second equation, 

3y2=:48, or/=16; 
•*• y=±4, and a:=3y=±12. 

7. Given x : x+y : ! 2 : 6,? to find the values of x 

and 0?*+ 07^=40, v and y. 

From equation first, by Theorem 7, 

^+y : ar :: 5 : 2; 

Theorem 4, y : a: : : 3 : 2 ; 
.-. 3ar=2y, or y=-j ; 
substituting this value of y in the second equation, 
;r*+-;r-=40, or2a:H3j;«=80, ora?2=16; 

.-. ar=±4, and 3/=-^= ±6. 

8. Given xTyC I i^l* : : 36 : 1, | to find the va- 

and a^—^^=z 24, ) l^es of a: and y. 

From the first equation, by Theorem 12, 
a:+y I ar— y 116 I I; 
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Theorem 5, 2x : 2y : : 7 : 5 ; 
Theorem 9, x : y : : 7 : 5 ; 

substituting this value of y^ in the second equation, 

^2^^:=,24; /. 49a;2_25ar^=1176, 
or24a;2=1176; .-. ^^=49; 
whence, a;=:±7, andy=±5. 

122 "^ 

9. Given 2x'+2y^=—, f^ ^^^ the values of x 

, xy 20 f andy. 

and -77=777 r> 1 

2 2(a>— y) J 

Dividing the first equation by 2, 
multiplying the second equation by 4, 

subtracting this equation from equation (a), 
^—2xy+y'=—, or{x-^yf=—; 

.'. {x — yY=l, or a: — y=l; 

substituting this value of x — y, in the equations (a 
and b), a;'4-y^=61, 

and 2xy=60 ; 

by addition, x^ + 2xy + y'= 1 2 1 ; 
.-. a:+y=±ll; 
but X — y= 1 ; 

by addition, 2x =12, or — 10; 

.*. x= 6, or — 5 ; 
but by subtraction, 2y=10, or — 12 ; 

/. y=z 5, or — 6. 
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6+^/26— or" 

10. Given =9j to find the values of x. 

5— 4/26— x^ 

The value of a fraction not being altered by multi- 
plying the numerator and denominator by the same 
number; therefore, multiply the numerator and deno. 
minator of the fractional part by the numerator, and 

the equation becomes 5 =9 ; 



5+^25— ar^ 
extractmg the square root, = ±3 ; 



X 



by transposition, \/26 — x^=z±:3x — 5; 
squaring each side, 25 — x^=9x^±:S0x+26 ; 
/. 10j7^=±30a:; whence, x=±,3, 

EXAMPLES FOR PRACTICE 

In Pure Quadratics, ^c, of one and two unknown 

Quantities. 

1. Given 4a:'— 35=3a:2— 10, to find the values of a*. 

Ans. a:=±5. 

2. Given 2a:H6= — ~ — > to find the values of or. 

Ans. a:=r ±3^ 

the values of x 



L Given x\y: ! 4 : 3, 7 to find t 
andary=108, 3 and y. 

^'•ly=± 9, 

4. Given x-{-y \ x — y * I 7 * 1,1 to find the values 
and x^ — y*=63, j of a: and y. 

'ar=±12. 



Ans. '^=±^2- 



PURE QUADRATICS, &c. 105 

5. Given x^^^ I x^+y^ ::^:^^>luy find the to- 

and xy^= 12, C lues of x and y. 

Ans.j^=5- 
t y=4. 

6. Given x^-\-2xy+y^ ! (or— yf : : 16 : 1,7 to find 

and 3a?2— 2y'=57, j the va- 

lues of X and y. 

AnsJ^=±^- 

7. Given a:* — y^ I x+y : : 2 : 1, \ to find the values 

and a?*+2xy+y*=64, J of ar and y. 

. ^ x=5 or —3. 

8. Given :cj-xy I xy-y' '-'.^li.U&nd the va- 

and ■ _ ="2"' S 1^®® ^^ •'^ ^'^^ y- 

Ans. ^ '^=^- 

9. Given ar^-^ I x^y—xy^ ! I 7 : 2, 7 to find the va- 

and x+y=z6, 3 lues of ar & y. 

* 5 ar=4 or 2. 
Ans. s rt ^ 
"*• ^ y=2 or 4. 

10. Given a:^— y3-_27i, ") ^ - , ^i, , ^ 

^ C to find the values of .r 

and x^y—xy^^-^^ C and yw 

Ans $^=3ior— 2^. 

657 



11. Given a^+y=—-, I ^ ^^^ ^^^ ^^^^ ^^ ^ 
and^+y^=^, f ^^y^ 



yi' 



Ans 
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I 



12. Given —+y=T' f to find the values of x 

and ^=i, \ ^""^y- 
ay 32 J 

Ans. 5 ^=i ">' - ?• 
Cy=SoT, — 4. 

13. Given x^+2x^^+y^=z26,l^^ ^/^^ *^ values 

and x+y=36, > of jr and y. 

Anc f^=27,or— 8. 
^«- { y= 8, or -27. 

14. Given x^+6xy. (a:*+y*)+4ary+/=46656 — 
and X — y=2, to find the values of a? and y. 

y=2, or — 4. 



54 



15. Givena:+v^27 4-a?^= > to find the 

values of ar. 

Ans. a?=±3. 



16. Given — 5-, to find the values 

lO+y^lOO — ^2 ^ ^^^ 

of 37. 

Ans. ar=±6. 

17. Given a?+y+v'a:« + /=-^, } to find the 

, 1 > values of ar 

and x* + y^z=x+y\^~-^xy^\ and y. 

Ans. \ *=|- 
** ^ - »/f 

18. Given a:»—y= 133,1 to find the values 6f x"' 

and xy^=z 42, / and y. 

Ans.p=±l3. 
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19. GiTen «»-^sr 162, 7 to find &6 yiflafts of jr 
and JT'— y ss S$/> and y. 

^3f=4, or — 9. 
«*. dvena:«+a?y»+«»y+y*=8301256384, 7 . 

fi»d !*e f «l»^ qf * *nd 3r- 

A«c $a?=20. 
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EXA.1IPP«» ton m^OTICB 

In fAtf applie&Han of Pure (ftMdratici, ifc» of fme and 

two tmknoum quantities, 

K<rrt. — ^T9ie application of Piire Quadral^cs to the aolutioiL 
flCprpbieins, ^spr^sely similar to the applic^on of Simple 
" tions tQ the 4oiaiioii of probl«B« Haw/Aj gif^. 



1- 99tQ^t4 piece of cloth for £26. 9s., at as many 
shillings per yard as the piece contained yards. Re- 
qaiseditslonj^. 

Ans. 23 yards. 

it. Jn&d tm tiimtb^fs, the sum of whose squares is 
tp i|^^4i4^rf^ceLas pio^p ^d wbop« product is 18. 

: Ada. 6 and 3. 

> - 

3. A farmer h^ two ^<j[uare fields^ the length of a 

side ^l3te greater is $ diaSjns inore iiiao a side of the 

less, and their areas are in-ttte proportion of 9 to 16. 

Regnkfid tb^ fU^ea4c>f eitch. 

- C22a. 2r. 
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4. Bought a piece of olqlh and a piece of silk for 
£9, and paid as many shillings per yard for the cloth 
as there were yards of silk, and for the silk as many 
shillings per yard as there were yards of cloth, and the 
squsire of^the namber of yards of silk is to the square 
of the number of yards of cloth as. 25 to 4. Required 
the number of yards of each. 

Ans. 15 yards of silk, and 6 yards of cldth. 

5. Upon a rectangular piece of building ground, 
whose length is to its breadth as 5 to 3, there is to be 
a house erected upon the end of it the whole width of 
the ground, to take up one fifth of the whole, and to 
leave 300 square yards for a garden. Required the 
dimensions of the ho^se and garden. 

Ans. The house 15 yards by 6, and the gajiden 
20 yards by 15. 

6. Divide the number 75 into two. siich partSj tbat 
the quotient o^ Uie less divided by the; greater* xnay 
be to the. quotient of the greater divided by the less, 

as -J- to f. 

An(6« 35 ami 40. 

" ... 

7. A company of merchants built a ship, which cost 
£5000, and divided their interest therein into a cer- 
tain number of shares, portioning to each as many 
shares as there were merchants in company ; 1iie«quare i 

of the number of merchants, is to -r- of the nilmb^ 

o 

of shares +5, as 5 to 4. Required the number of 

merchants, and the sum contributed by each. 

Ans. 5 nierchants^ and £1000 the sum oonirl- 
buted by eaohu . , . 

■ » . '■••-.. 

8. Bought a number of yards of silk for dB3. Itfs., 

and k quantity of cloth, which was in proportion to 
the tiilk as 4 to 5 : I found that 5 yards of clot)^ cost 
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me as much as 8 yards of silk^ and the number of 
shillings that one yard of cloth cost me^ was to five- 
sixths of the number of yards of cloth as 4 to 5. How 
many yards of each did I buy ? 

Ans. 12 yards of cloth/ and 15 of silk. 

9. Find two numbers whose sum is to the difference 
of -their s^uareli as 1 to 3^ and four times their product 
is 72. 

Ans. 6 and 3. 

10. Find two numbers the sum of whose reciprocals 
is -r-^ and the sum of the reciprocals of their squares 

Ans. 3 and 6: 

11. The difference of the reciprocals of two numbers 

in rr?,' and the- diference of the numbers multiplied by 

twice their product is equal to 60. Required the 
numbers^ 

. i ( Ans. 5 and 3. 

12* The difference of the cubes of two numbers is 
9S, and the difference of the numbers multiplied by 
their product is 30. Required the numbers. 

Ans. 5 and 3. 



; I '■ 



13. There is a number consisting of two digits, 
xdudh beiug multiplied by the right-hand digit, the 
product is 175, but if the number be divided by the 
right-hand digit, the quotient will be 7. Required 
the number. 

Ans. 35. 
2k 
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\6. Five boys. A, B, C, D, a^ E, placed at mar^ 
bled ; A won a certain tiuinber, B twice as many, C 
9 nliknber e^uai #o twice tbe produet of A's ftnd We, 
D as many as C, twice as many as B and one orer, 
and E won a number equal to tbe square root of D's : 
tbe wbole number won was 401 + 5 times A's added 
to D's. Required tbe number won by each, 

Ans. A won 10, B 20, 400, t> 441, and E 21. 

16. Required four numbers in the proportion of 
~, -g-, -J", and — , the sum of whose squares is 585. 

Ani..l6,^ 12, a^ aild6. 

17. Two ihercbkntir, A and B, entered hito part- 
nership ; A's stock was in proportion to B's as 4 to 5 ; 
at the expiration of one year, A found his share of the 
gain to hd in proportion to one-eight of his stock as 16 
to 25 : they continued their trade during as many years 
as were equal to one-fiflh of the number of pounds 
which B contributed more than A, and at thte end of 
that time found their lyhole gain to be j£l440. .What 
did each contribute to the stock, and jiow mai^y years 
Jid they continue in business ? j 

Ans. A's stock £400, B's stock £500, and they 
continued their business 20 years* 

Id. The sum 6f two numbers is 20, and the sutck. of 
their squares 372. Required the numbets^ 

Ana; 4 eAd 16. 

' 19. Required the side of a tetraedron, the solidity 
of which is equal to that of a cube whose side is 2. 

Ans. 4.0793. 

20. The difierence of i)ie sides 6f two cubical blocks 
of marble is 2 feet, and the difference of tiieir contents 
218 cubical feet. Required a side of each. 

Aps. 7 aud 5. 
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ADFECMD aUADRATIC 
EaUATIONS. 



An Adfected Quadratic Equation is that which con- 
tains both the unknovm quantity and its square. Thus, 
jy«4.6a.+6=22, and 4:X^-{-6x=26 are Adfected Qua- 
dratic Equations. But the Author of the present 
Treatise has considered all equations as adfected 
quadratics. In which there are two terms involving 
the unknown quantity, or any function of it, where 
the index of one is double that of the other. Thus. 

2a:* — 4x*=:16, afi — ar'=a, x — x'^=zb, x^-^x^^c, 

ar+4+v'^+4=12, are considered Adfected Quadra, 
tio Equations. 

Also, in equations where more than one unknown 
quantity is found forming two terms, one term being 
square of the other. Thus, (x + y )* + (ar + y) = a, or 

jp+y+\/^+y=^ is considered an Adfected Quadra- 
tic Equation. In the first of these equations, the first 
term, {a?+y)', is square of the second term, (a?+y). 

Also, in the second equation, the first term, x+y is 

square of the second term, \/x+y. 

RULE. 

• 

1. Transpose the unknown qtiantities to one side of 
the equation, and the knoum quantities to the other, 
observing to begin with the highest power of ihe unknown 
quantity. TJ^en, if the first term contain a coefficient, 
divide the whole equation by that coefficient. 

3k 
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2. Complete the square, by adding the square of half 
the coefficient of the second term to each iide of the 
equation, 

3. Extract the square root of each side of the equa- 
tion, and the unknoufn quantity will he easily determined 
as follows : — 

1. In the first example^ viz. a?'+6d?+6=222. 

8. Transpose tbe 6, and tbe equation liecomes 

d. Here, tbe unknown quantity in the first term is 
square of the unknown quantity in the second 
term. 

4* Then 6 being the coeflficient of tbe second term, 
hiJf of which is 3, this being squared and 
added to each side of the equation, it becomes 
a?H6jr+9= 16 + 9=25. 

5. Extracting the square root of each side of this 
equation, and it t>ecomes a: + 3= ± 5 ; 

i6. by transposition, a?=:i±5— 32r:2, or —8. 

In the second example, 4j7^+5a7=26. 

1. H<ere, the first term has a coefficient, 4. 

2. Divide the whole equation by 4, and it becdcies 

5 

3. Then -7- being the coefficient of the second 

term, half of which is — , this being squared 
and added to each side of the equation, it be« 

„ 6 25 26 . 25 441 

comes «?'+-4*+ 64=T+ 6i="6r- ^ 



ADFECnCB QUADRATIC EQUATIONS. lift 

4. Extracting the square root of each side of thit 

equation^ x+—=^±:—» 

21 5 26 

du By transposition, «:3s±rg"-^ •§'=2, or — -rg-. 

In the third example, 2a:*— 4a:^=:16. 

1. Here, the iadex of the unknown quantity in the 

first term is double that of the second, and the 
first term )ms a coefficient. 

2. Divide by 2, the coefficient of the first term, 

3. Complete the sqnarci a^— 12a:*+l=8-f-l=9. 

4. Extract the square root, o^— 1 = ±3. 

5. By transpo^tion, a?*=: ±^ + 1 =4, or — 2. 

6. Extracting the square root, a?=:±2, or ±v^ — 2. 



In the example, x-\-4:+\/x+4=z[2, 

1. Here, :X+4 is considered the first term, and 

s/x+4 the second term, /."the first term is 
square of the second. 

2. One being the coefficient of the second term, 

half of which is — . 



3. Completing the square, x+4+^x+4 + -~ =k 

1 49 

— 1 7 

4. Extracting liheisqiiare root, \/ar+4+*— rs-—-. 

<6 2 

7 1 

6, By transposition, V'a7-H= -r — o"^^- 

6. Squaring each side, or +4=9. 

7. By transposition, j?x;^. 
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Adfected Quddratics of one unknotvn quantity with their 

solutions. 

1. Given 3a?»+.6a?+6=s=78, to find the values of ar. 

By transposition, 3x^+6x=z7S-^=z72 ; 
dividing by 3, jp* + 2x=z 24 ; 
completing the square, a:^+2a?+ 1=25 ; 
esctracting the root, a? + 1 = ±5 ; 
.', a:=±5 — 1=4, or — 6. 

4r4-6 

2. Given ic* — =8a?-f-3, to find the values of x. 

Multiplying the equation by 7, 
Tar'— 4ar— 6=56a:4-21 ; 
by transposition, 7x^ — 6Qa?=27 ; 

dividing by 7,.'-^*=^; 
completmg the square, a?' — ;jrx+-y 

900 _ 1089 
49~" 49 ^. 
^ *• *i, -4. 80 ,83 

esctractmg the root, x — ^^^f > 

, 33 , 30 . 3 . 

A a:=±-y+-^=9, or — ;^. 

I I 

3. Given y — y^+5=8+y^, to find the value of y. 

I 
By transposition, y — ^2y^=3; 

completing the square, y — ^2y^+ 1=4 ; 

X 

extracting the root, y^ — 1=2 ; 

I 
by transposition, y^=3 ; /. y=9. 



__27 
— .7 + 
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4. Given a?3__20**=jl89, to find the vaiueB of ;r. 

completing the square, a:'— 20«*+ 10O=:289 ; 

•xtractin|^ the root^ a?^-— lOcs ± 17 ; 

by transposition, ar^=±17+10=:27, or — 1 ; 

.N ar=27p=9; or -^jl 



5. Given 2jt+4=:v^2ar+4+12, to find the values 
of or. 



By transposition, 2ar+4— V2a?-|-4=:12; 
completing the fsquare, 20^+4—^^+4+-^ 

• =12+-j=^; 

extracting the root, \/2x+4--*x^"2'* 
.-. v'2ar+4=4^ , 

squaring each side, 2a7+4=s 16 ; 
by transposition, 2x=12; /. a?=s6. 

6. Given-r— — h-;r— -=7-3:^,^0 find the values of ar. 

Multiplying the equation by 4+ar, 
^ . 12+3*- &»8+3ax+4 
^ 6-^ 4r+4 ' 

multiplying this equation by 4:r+4, 

(Def. 7.) by transposition, = 

26ar+4j 
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multiplyiDg this equation by 6 — x, 

12a:»+ 60ar +48= 146a:— 25a;« + 24 ; 
by transposition, 370?* — 86a:=: — 24 ; 



completing the square, ^'—37^+ ^ 
24 961 



*_ 1849 



1369 



37"" 1369 ' 

^ 37""-*- 37 

^2 6ti3 
37 • 37 '^^ ^' 37* 



extracting the root, a:--~=±— ; 



7. Given i=r ss;^— 3^, to find the values 

oi X. 

Multiplying the numerator and denominator of 
the fractional part by a:+ v'«^— 4> 

(x+Va:* — 4) -la 



4 =2a;-3| 5 

extracting the square root of each side, 

Taking the positive quantity, and multiplying by 2, 

x-^-a/x^ — 4= 4a: — 6 ; 
by transposition, and squaring each side,^ 

a:'— 4=9a:'— ^j:+36 ; 
by transposition, Sx^ — 36a:=s— 40 ; 

dividing by 8, and completing the square, 
^ 3*"^ 16^ 16 ^"" W * 
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'91 

extracting the root, arr— j=±-t- ; 



. 1. 9 6 

.-. a:=±-j+-y=:— , or 2. 



But if the negative yalue be taken. 



Ml I . 



by transpositipn, -y/a?*— 4:^-^0? +6 ; 
squaring each side^ x^ — 4= 250:* — 60ar+36 ; 
by transposition, 24a:^ — 60a:=— -40 ; 

dividing by 24, a^ — 04"*^= — 5* » 



h ' t * > 



completing the sq«aJ^> ^-^ 2i*+576==576'" 

5 60 '• 

3 576 * 



extracting the square rooti . xr-'—;=^±: 04 

30±vA^^ 



8. GivenSa:— 2a?3+4V'2a?»--8a:+15=ia, to find 
the values of ar, . ■. ^ . 

Subtracting 15 from each side of the equation. 



li r . . o 



8a:— 2a:*— 15+4V2a?*— 8ar+ 15=3 ; 



changing the signs, 2a:*-^ar--f 15^-i4-\/2a:*— 8a?+ 15 



completingthesqaare,2a:'— 8ar+ 15^-4-v/2ar' — 8a7+ 15 
+4=4--3=l; 

extracting the root, v^2a:*— 8a:+ 15—2= ± 1. 
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Let the positive value be taken^ then by transpo- 
sition, v^2x«--«a7+ 15= 1 +2=3 ; 
squaring each ^side, 2a?^— 8a:+ 15=9 ; 
by transposition^ 2^-r9a:= — 6. 
dividing by 2, ar'— 4a:= — 3 ; 
completing the square x!.«4x4-^4= 1 ; 
extracting the roofe ar— 2=±1 ; 

.*. by transposition, a:=± 1+2=3, or 1. 

But if the negative value be taken, viz. 

-^2a7»— 8x+ 15— 2=— 1 ; 

by transposition, ^2y^ — 8a: +15=1; 
squaring both sides, 23?*— 8ar+15=l ; 
t^y transposition, and dividing by m, 

a?* — 4a:= — 7; 
completing the square, r^— -4a? +4= — 3 ; 
. xQXtrac^g the root, a? — 2= dbV" — 3; 
by-tmisposition, a:=S±v^-— d. 

9, Given ar* — 2a?'+^=87p, to €bd the values of x. 

Here, adding ^od subtracting x^, and the equa- 
tion beeomes«^2a:*+«»r^-fl?+a:4=«^ 

.-. (x^—xY—ix^—x)=:S70 ; 

c ompl e tang ^le^qiyare, .(^— ^)*— (^ — *)+'^ 

• . ^— ■■■ ' "..-"■'■ • 

'1 ~ 59 

ixtr8Cting.tb& rpott ^p^-^T-i^p^^t^HJ 

^-c.30, or -29. 
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.Let the affinnatbe 'value be takei^ sad jboaoplete 

•....- ... ■■ -f'-' ■«' 
But if x^— a:=:— 29 ; ^ ,. ^^ ^ : ^ 



extracting the root, a:— ~=;>±— r^-r- ; 



/. a??i: 



3 

tiV— lis" 






2\ 



10. Given2arH>/18ar*+9a?=64— a?, to find the 
value of a:. . , . 



By transposition, 2ar^+a?+V'l«a7*+9ar=54; 
A (Def. k.) 2x*+i+V2?+r=54; ' 



completing the square, 2x^ +a:+3y/ 2x^ +X+ 



3 . 15 



extracting the root, v^2a:2+j:+— -=i 



/. \/2a^+x=:s6, 01*— 9; 
squaring each iside, 2a;^+jJ=:86, Or Slj 

/. 0:^-3-^= 18,:; or -^. 
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Let the first yakie be takeziy.and complete the 
square, ar^H-^^H-ie^lS-f-— «-jg-; 

1 17 

extractiagr^be root, 4?+"t=s±-t^ 

. 9 

.*. are=4, or ^-j"* 

Butif xH4■*=-5;: 
649 

extracting the root, :B+—=:±r^~^ ; 
__l±v^ 



EXAMPLES FOR PRACtlCB 

In Adfected ^adraiica of one unknoum quantity. 

1. Given a^+2a:=15, to find the values of a?* 

Ans. a;=3, or 

2. Given ar*+6ar=40, to find the valaes of ar. 

Ans. x=s4, or •— «10. 

3. Given 4a?* — 8ar=60, to find the values of a?. 

Ans. x=:6, or — 3. 

4. Given y* — y=30, to find the values of y. 

Ans. y=6, or — 5. 
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5. Given y — y^=6, to find the yalue of y. 

Ans. 3r=9. 

6. Given y — r-v^y=14, to find the value of y. 

Ana. y=16. 

7. Given y+^^=7+— >\/y, to find the value of y. 

Ans* y=ai4« 

8. Given 3j:*+9a?+6=36, to find the values of x. 

Ans. a:=2, or — 5. 

9. Given 4a:* — a:=60, to find the values of x, 

Ans. ari=4, or -^-t. 

10. Given a: + 4 H = 12, to find the values of x. 

X 

Ans. a;=d, or 2. 

11. Given "■Y^+';;jli'— ^> *^ ^^^ the values of ar. 

Ans. ar=6, or — 5. 

12. Given a?*+6ar*=40, to find the values of ar. 



Ans. a:=±i2, or iv' — J^- 
18. Given 2:*+—^ — =67, to find the values of ar. 

Ans. a?=4, or V'aT 

14. Given — ^ — 1--^=-^ to find the values tuSx, 

Ans. x=i6, or — 1. 
2l 
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15. Given — ^ + -^3p;j-=6 j^, to find the va- 
lues of X. 

26 

Ans. 4, or- — ^. 

4 

25 12 

16. Given — =-+—=7, to find the values of x. 

X — 1 0? 

2 

-Ani. 57=6, or -=-. 

7 

1.9 /^. 4a?+7 , 6a:— 9 12a:+56 , ^ , , 

17. Given -2^+^^--^=:—^, to find the values 
ofar. 

Ans. ar=3i, or 3, 



6a? 



a:2—l 



iQ ri. air+13 07+1 « , ^ , , 

18. Given -^^py- __=:2, to find the va- 
lues of x. 

Ans. x=9, or — 2. 



19. Given \/a?^ — 6x+2=3, to find the values of a;. 

Ans. x=7, or — 1. 



( 



20. .Given V'Sa^+l X\/2a:— 1=12, to find the va- 
lues of :^ 

Ans. x=5, or — -To- 

21. Given ■ ^^- -"9:= — g — ' *^ ^^^ *^® ^^ : 

lues of ar. 

' Axis. x=^6, or 7-. 

4 

ISia? -24+7ar 5a:+846 ^ ^ , ^, 

22. Given — =.+--^= — T"' ^^ ^^^ ^^® ^^ 

lues of or. 

94 
Ans. a:=9, or — =-. 
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23. Given x^ — 6^^=27, to find the valueg of or. 

Ans. a:=27, or — 3[^. 

II 3 

.24. Given a:'^+4«^=i 16 — \/x, to find the values 
of X. 

Ans. ar=64, ot~ 4p. 
25. Given \/*' :=i=5-v/a?*, to find the values 

of X, 



Ans. a:=i±3, or iv'— 4. 



26. Given x^+^x+W^-^^^i- 15=45, to find the 
values of x, 

Abs. or— 3, or -^7, or ±4/^— 2. 

27. Given x* — 4a:^+8ar=:165, to find the values 
of ar. 



Am; x=^, er'^^i o»liri/*— 10« 



28. Given 6x'^x^+6x/dx^—dx-^=—2i, to find 
the values of a?. 



Ans^ ar=r6, or— 4, or l±\/5. 



-.2 



29. Given 2jr — -^ — 3a+2x=— , to find the va- 

X I X 



lues of or. 



2' 2 • 

30. Given x*'\^2x^~x=s30B0, to find the values of a?. 



Ans. a«4, or^4> or "^±^^^ 



. - Q l±-v/-^219 
Ans. x=7j, or — 8, or ^ 

3l 
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31, Given 3a: V^"+-iTr:=4, to find the value 
of X, 

Ans. (4)^- 

32. Given a:*+10a73+54a:H 145^=602, to find the 
values of ar. 

Ans. x=s2, or — 7, or r . 



ADFECTED QUAB5ATIC EQUATIONS 

^ Of two unknovtm quantities with their solutions. 

From the second equation, j?= ^ ; 

suhstituting this value of ar in the first equation, 

9+y2_y=15; 
hy transposition, y^ — ^y=6 ; 

1 1 25 

completing the square, y^ — y +"t=^+"4— ~r» 

1 6 

extracting the root, y — o"^^-'-"2' * 
by transposition,. y= 3, or — 2; 

Or thus : 
From the first equation, y=2a: - 15 ; 

substituting this value of y in the second equa. 
tion, 40:^-— 62a:=— 234 ; 
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^961 
"~ 16 



.,62 31 

completing the square, ^r*— -j«+-j- 

234 25 
"^ 4 "" 16' 

31 5 

extracting the root, x — j"=±-j- ; 

13 
by transposition, x=i9, or -y; 

.•.. y=:3, or - 2. 

2. Given 4a?+4y=56, 7 to find the values of x 
and 6x+3y=xy+ 12, J and y. 

Dividing the first equation by 4, 
a?+y=14; .*. y=14— a?; 

substituting this value of y in the second equa- 
tion, 6x-{'^2—3x=l4x'-x^-\'l2; 

by transposition, a:'— 1 1 x=. — 30 ; 

completing the square, x^ — liar +—-=:-- — 

30=4; 

extracting the root, x — ^=±- 



2 -^ 2 ' 
by transposition, x=z6, or 6 ; 
,\ y=8, or 9. 

3. Given xyf==50^x-^yq ^^ ^^^ ^^^ ^^^^^ ^^ 



and -^=10, 



( to find the 
C X and y. 



Transposing the first equation, 

but, 2a:y =40 ; (4 times 2nd. eq.) 

by addition, x^ + 2xy + y^ + a? + y = 90 ; 
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or Car+y)»+(a:+y)=90 ; 
completing the square, (ar + y)' + (x + y ) + 

JL-9o+-L-^. 
4— y"+ 4— 4 > 

1 19 

extracting the root, ar+y+-j=±— ; 

by transposition, x+y=9, or — 10 ; 
squaring both sides of this equation, 
x^+2xy+y^=:Sl, or 100; 
but 4xy =80, 

by subtraction, ar* — ^2ary+y'=l, or 20; 
extracting the square root, 

a:-y=±l, or ±v/20; 
but a:+y= 9, or — 10 ; 



by addition, fitr* =10, or 8, or — lOiSv/T; 

,\ X = 5s or 4, or-^±v/5] 
but by subtraction, 2y=8, or 10, or — lO^f 2v^5^ 

/. y=4, or 5, or — d'^x/d. 

4. Given (ar+y)^+2a:= 195 —2y, > to find the values 
and a:^+y^=97, J of a: and y. 

Transposing the first equation, (ar+y)*+2.(jr+y) 
= 195; 
completing the square, (ar+y)'+2.(a?+y)+ 1=196 ; 
extracting the root, a:+y+l = ±14; 
by transposition, x + y= ± 14 — 1 = 1^ or — 16 ; 
squaring each side, a:*+2i?y+y*=sl69, or 225 ; 

butar* + y' = 97; 

by subtraction, 2a:y s= 72, or 128 ; 
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.•• 4aiy =144, or 256 ; 
but x^-h2xy+y^=:l69] or 225 ; 

by subtraction, ar^—2xy+y^=26, or — 31 ; 

/. X — ^y=±5, or ±\/ — 31 ; 
but X +y== 13, or -*-15; 



by addition, 2ar=18, or 8, or _15±v/— 31 ; 

— ISiv/*^^ 
/. xz=: 9, or 4, or > 



but by subtraction, 2y= 8, or 18, or ^v — 31-^16; 

o Tv^-15. 
.'. y=s 4, or 9, or 5 



5. Given 2:ry-4^«y=4416,V ^^^ ^^^^^^^ ^j 
and ar^4-y= 1> \ a; and y. 



Dividing the first equation by 2, and completing 
the square, o^y— 2 j?2y+ 1=2208 +1=2209 ; 

extracting the root, x^y — 1 = db 47 ; 

by transposition, a:*y=48, or —46 ; 

multiplying the second equation by y, 
a?'y+y«=60-y; 

substituting the affirmative value of a^y, into 
this equation, 48 + ^^=60 — y ; 

by transposition, y^ + y= 12; 

1 I 49 

completing the square, y'+y +-j== 12 + -5==-^ ^ 

1 . 7 
extracting the root, y+':^=±-^ ; 

/, y=3, or — 4, 
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But if the negative value of oc^y be substituted, 

by tFaaspositioB, y*+y=106; 

completing the square, y^+y+-Y=106 + 

1 425 ^ 
4— 4 > 

extracting the root, y+-^=±~r- ; 
—\±6VV7 



y= 



2 



EXAMPLES FOR PRACTICE 

In Adjected Qiiadrati^s of two unknoum quantitieM, 



1. Given a^ — a:y=6(),l to find the values of x and 

and X + y=19, / y. 

An«.5^=12>or-4. 
ty=: 7, or 214. 

2. Given ary+ 1 80;= 1728, > to find the values of x 

and Sy=z9x, J and y. 

^ y=536, or — 54. 

3. Given 5x+4y=35, > to find the values of x 

and 9y — ary=slOar, j and y. 

.g„^ar=a, or2i. 
^W?y=:5, or— 17^. 

4. Given 2x+y=7, ) to find the values of x and 

andar^+3y=13,) y. 

Ana f ^=2> or 4. 
^"^•ly=3, or— 1. 
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5. Given a:y+2^=28, >to find the values of x 

and ^xy + 7y^=z 192, ) and y. 

^^?iy=4, or- 2|. 

6. Given 6y— 4a:==;f:^+ary+4,>lo find the values of 

and 8a: — yc=:x{x+y), y x and y. 



(_y=4, or — . 



7. Given. 40a>^a:y = —4y, )to find the values 

und 3a?+y+36=3y+2a:,5 of a: and y. 

An« J^= 4, or— 12. 

^''ny^20,ox 12. 

8. Given^^y=&-2y,y g^^ the values of 

and?^=y, ^ arandy. 



{. 128 

ar=4, or — Tg- 
y=3, or-.- 



9. Given \y ^ +4y= ^J^ +13 



^ • • • 



andfix+4^=:16> 




Ans. 

/i/=r3. or — - 



10* Given«+y|H2yi=99— 2ar,?to findthe values 
tod a:'+y'=41, ^ of a? and y, 

Ans.^ ^ 



I jr=5, or 4, or ■ 

fy=4, or 5, or 



— 1 1 :F\/--39 
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find the values of x and 



11. Given-p^+— =5,|tofii 
and a:»+/=20, 5 y- 



^y=4, 01 



Ana, ^-=±2. o^ ±V-6. 

or — 5. 



12. Given aT+y+4>\/a?+y=21,l to find the values 
anda:y=18, J ofo^and^. 






or o. 



1 3* Giv^ a? + y+\/j?+y=12,\to find the values 

j of X and y. 



and or* +y^=41. 






• 5ar=5, or 4. 
or 5. 



14. Given 5a:+3— >v/5x— y+9=24+y, 1 to find 
and ar+y=9, /the va- 

lues of X and y. 



i- 



a 25 

~6, or — . 

Ans.-J ^ 

(y=3, or^. 



, ^ >-i . If . V«+y 167-7-9 1 to find 
15. Given — = -{---^ — ^= — | ^i,^ ^« 

and a?HyHx=46, j ^^^^ of 



or and y. 



{a:=5, or — 
y=4, or - 



230 
.Ans^K |g^ 

"in 
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16. Given ar+y+V'-— ^= (.to find the values 

. and a;Hy»=4ir' "^^'3 «<"*»°dy. 

Ans.J "' ±'^|- 

or ± \/— 




17. Given x—^/ x =11 — y^ 7 to find the valueg 

and 36— a:=y+8v/y^l') of a; and y. 

r _ 196 

ix-.4, or ^^2^. 

•AJIS. < 45369 

(y=9. or 4^^ 

18. Given x*— ar'+Sa?*^— 306a:— 2a:y+3ary«=y«+ 



and a? — y+ v'ar-— y=:6> to find the values of 
a; and y. 

Ans./^=^^'0^-^f 
|^y= 7, or— 10^. 

19. Given ajy+v^ar«Hry2=: 17,1 to find the values 

sttid or — j?= 1^ jofx and y. 

^ y=3, or - 4. 

20. It is required to find four different values of x 
and y from the following equations : 

5y+-j.C^— 15y— 14)^=4(^«— 108), 

M 



1 
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Answers. 



Of =12, or — 9|^, or ^^^ , or 



25±-v/41569 45±v/3849 
20 



25±-v/41669 135±3-v/3849 
y=2,or -1t^, or j^j^ , or ^ , 



Examples for Practice in Adfected Quadratics, 

1. Find two numbers such, that their difference 
shall be 12^ and their product 540. 

Ans. 30 and la' 

2. Divide the number 80 into two such parts, that 
their product shall be 1375. 

Ans. 25 and 55. 

■r 

3. Bought two pieces of silk, one of which contain- 
ed four yards less than the other, for £32. 16s., each 
piece cost as many shillings per yard as there were 
yards in the piece. Required the length of each. 

Ans. 20 and 16 yards. 

4. Bought a quantity of cloth for £30, and observe, 
if there had been 10 yards more, it would have cost 
me 3s. a yard less. Required the number of yards. 

Ans. 40. 

5. Required the length and breadth of that rectan- 
gular field, whose area is 1200 square yards, and if 4 
yards be added to each of its dimensions, its area will 
be increased by 296 square yards. 

Ans. 40 and 30 yards. 

^. Bought two pieces of cloth for £44. 8s., the one 
contained eight yards more than the other, and the 
price of each piece, per yard, was three-fourths as many 
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shillings as the piece contained yards. Required the 
length of each piece and its price. 

Ans. 20 yards at 15s., and 28 yards at 21s. 
per yard. 

7. In taking the dimensions of a rectangular field, 
I found its diagonal to measure six chains more than 
its width, and three chains more than its length. Re- 
quired its area. 

Ans, 10a. 3r. Sp. 

8. A Lady being asked her age answered, if 12 
years be added to my age, and the square root of this 
sum extracted, it will equal one fourth of my age. 
Required her age. 

Ans. 24. 

9. A draper bought a quantity of cloth for £62. lOs. 
after parting with 10 yards, he sold the remainder for 
£66, and gained 2s. 6d. per yard. Required the num- 
ber of yards bought, and the price per yard. 

Ans. 50 yards at 25s. per yard. 

10. A grocer bought two casks of sugar, one of 
which cost five shillings per cwt. more than the other; 
for the best quality he paid £66, and for the other, 
which contained 8 cwt. more, he paid £67. 10s. Re- 
quired the quantity of each, and its price per cwt. 

A J 30 cwt. at 45s. 
^^^' ^ 22 cwt. at 50s. 



^1 



11. A person bought 25 yards of silk, and 15 yards 
of Irish cloth, for £9 : he had three yards more of 
Irish cloth for 1 2s. than he had of silk for 18s. Re- 
quired the price of a yard of each. 

Ans. Silk 6s., and cloth 2s. per yard. 

12. A gravel walk is to be made of equal width round 
a rectangular garden, whose length is 57 and breadth 

m2 
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29 yards, which shall take up one fourth of the gar- 
den. What must be its width ? 

Ans« 2.554354 yards. 

13. Divide the number 66 into two such parts, so 
as their product will be 669. 

Ans. 13 soju} 43,. 

14. The temple of the three graces at Athens stood 
upon a rectangular area, the length of which exceeded 
its breadth by three paces, and the distance from one 
aengle to that which was diametricaliy opposite to it^ 
eveeeded the length also by so many paees* Beqvuf'* 
ed its length, breadth, and diametrical distance* 

Ans. Breadth 9, length 12, and the diagonal 15. 

15. A mercer sold a certain quantity of lace for 
£4. 19^,, and found if he had sold 4 yards less for the 
same money, he would have received a sfailtie|gf p^F 
yard more than he did. Required the number 'of 
yards sold. 

Ans. 22; 

16. A himer bought a flock of sheep, consisting- of 
ewes and lambs ; the number of lamb^ exceeded the 
number of ewes by 10 : for each lamb he gaye as 
many shillings as there were ewes, and for each ewe, 
as many shillings as theie were lambs. He aAietwards 
bought a number of ewes at the same rate, which nxim* 
ber is to the number of ewes in the first flock as 7 to 
4 ; he paid £7. 10s. less for the second flock than tot 
the first. Required the number of ewes and lambs in 
the first flo<;k, also the number of ewes in the second 
flock. 

Ans. 20 ewes and 30 lambs in the first flock, 
and 35 ewes in the second flock. 

17. Required that number, which being divided by 
two thirds of the sum of tJie digits, the quotient wiU 
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be 9 ; but if the square of the right-hand digit be add- 
ed to the number, the sum will be equal to the digits 
inverted plus 26, 

Axis. 54. 

18. Required two numbers whoee product is 300, 
and if 10 be added to the less number, and 8 subtract- 
ed from the greater, the product of the sum and re- 
mainder shall also be equal to 300. 

Ans. 20 and 15. 

19. A grocer sold a quantity of sugar for £30, and 
by so doing gained four-fifths of the prime cost per 
cent, profit. Required the prime cost 

Ans. £25. 

20. A began trade on the first of January, and on 
the first of May following he took in B as a partner, 
who brought into stock £200 ; at the expiration of 12 
months from this transaction they dissolved partner- 
ship, when it was found that there had been gained, 
since A commenced, £300. A received for his stock 
and gain £500. Required the sum with which A 
commenced, and each person's share of the gain. 

Ans. A began with £300, and his gain was 
£200 ; and B's gain was £100. 

21. Two boys, A and B, comparing their marbles, 
found that the number which they both had, added 
to its square root, the sum would be 12, and the sum 
of their squares was 41. How many had each ? 

Ans. A had 4 and B 5. 

22. The plate of a looking-glass is 18 inches by 12, is 
to be framed with a frame of equal width, whose area 
is to be equal to half that of the glass. Required the 
width of the frame. 

Ans. 1.6241438. 

MS 
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23. Find two numbers, the square of whose sum 
shall exceed twelve times their sum by 325, and that 
their product may exceed five times their sum by 31. 

Ans. 12 and 13. 

24. A and B set out from two towns, which were 
IfiO miles distant, to meet each other ; A travelled 
five miles a day, and the number of days, at the end 
of which they met, was greater by three than the nmn- 
ber of miles which B went per day. How many miles 
did each go ? 

Ans. A 50 and B 70. 

25. A mercer sold 50 yards of lace and 80 yards of" 
silk for £40, and observed that his customer received 
5 yards more of lace for £8, than he did of silk for 
£3. 15s. Hequired the price per yard of each. 

Ans. Lace 8s. per yard, and silk 5s. 

26. Two merchants, A and B, entered into partner- 
ship, by which they gained £120; A^s money was 
three months in trade, and his share of the gain was 
£60 less than his stock : B's money, which was -£50 
more than A's, was in the trade five months. Kequir-^ 
ed each person's stock. 

Ans. A's £100, and B's £150. 

27. It is required to find two numbers such, ihot if 
their sum be multiplied by the greater, the product 
will be 126, and whose difference, multiplied by tho 
less, the product will be 20. 

Ans. 9 and 5. 

28. Bought a number of yards of silk for £7, 4s., 
and a quantity of Irish cloth, exceeding the silk by 
16 yards, for an equal sum, but paid Is. 6d. per yard 
less for the clof h th m for the silk. Required the num. 
ber of yards of each. 

Ans. 32 yards of silk, and 48 of cloth. 
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^9, A person bought four remnants of silk, the num- 
ber of yards in the first was in the same proportion to 
the yards in the second, that the third was to the 
fourth, and the number of yards in the first was to the 
number of yards in the fourth as 1 to 5, the number 
of yards in the second was to the number of yards in 
the third as 2^ to 4^^, and the number of yards in the 
second and fourth was just 20. Required the length of 
each remnant. 

Ans. 3, 5, 9, and 15 yards respectively. 

30. Two merchants, A and B, received each £5940 
per annum, in their respective trades ; A by industry 
cleared 2 per cent, more than B, by which means he 
gained £100 per annum more than B did. Required 
each person's gain per cent, and the sum each realized 
in 10 years. 

Ans. A gained 10 per cent, and realized £5400, 
B gained 8 per cent* and realized £4400. 

31. Two bills of exchange, one £120, payable in 6 
months, and the other £150, payable in 9 months, 
were discounted by a Banker for £8. 10s. Required' 
the rate per cent, he charged. 

Ans. £5. Is. lO^d. 

32. A and B travelled on the same road, at the 
same rate, from Leeds to London : at the fiftieth mile 
stone from London, A overtook a flock of geese, which 
was proceeding at the rate of three miles in two hours, 
and two hours afterwards met a stage- waggon, which 
was moving at the rate of nine miles in four hours : 
B overtook the same geese at the forty-fifth mile stone, 
and met the same waggon exactly foity minutes before . 
he came to the thirty-first mile stone : where was B 
when A reached London ? ^ 

Ans. 25 miles from London. 
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ARITHMETICAL AND GEOMETRICAL 

PROGKESSIONS. 



For the Rules and Application of Arithmetical and Geome- 
trical Progression the reader is referred to Bonnvcastle^s Arith- 
meiic, in which he will find these subjects well digested. 

1. Three days after a waggon, which travelled 9 
miles a-day, was dispatched, a person started to oyer- 
take it; in order to do this he was to travel two miles 
the first day, three the second, and so on. In how 
many days will he overtake the waggon ? 

Let X = the number of days required ; 

then, by Bonnycastle's Arithmetic, problem 3rd, 
(x — 1 ) + 2 = the number of miles the man tra- 
velled the last day ; 

and, by problem 4th, (ar*+3a:)~2 = the whole 
distance he travelled. 

Also, ar+3 = the number of days the waggon 
was on the road before the man overtook it ; 

then, 9a: +27 the distance the waggon had tra- 
velled ; 

.-. i^i^=9ar+27, or x^-'l6x=z54; 

225 225 441 

comp. the sq. oi^—\^x-\ — 4"="T"+54=:-7- ; 

15 21 
cxtractmg the root, ^"""2"~~2* '*• a?=18. 

2. Find three numbers in arithmetical progression 
such, that the square of the first, fluz the product of 
the other two, shall be 16 ; and the square of the 
mean, flm the product of the extremes, shall be 17. 

Let X = the second term, 

and y = the common difference ; 
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then, X — y, x, and x+y, will denote the three 
numbers ; 

.*. by the quesUoa, fi*^-»-^+t/*:;16>, 

and 2a:2— 3/2 --17. 

.'. by addition^ 4x^ — xy =33; 

by transposition, xy^=4:X^ — 33 ; 

squaring both sides, x^y^=l6x*—264x*+lOS9 ; 

from the second equation, y*=:2x^ — 17 ; 

multiplying this equation by x^, ry=:2x* — 17ir* ; 

/. 1 6x*—264x'' + 1089= 2x*— 1 7x^ ; 

by transposition, 14ar*— 247a?2=:— 1089 ; 

completing the square, , 

* 61009 1089 25 



. 247sfi . 247 
X* -; — \ 



14 • 28 



784 14 """784' 



extracting the root, ^^— oft— ^» 

/. 07=3, and ^=1; 
whence, the numbers are 2, 3, and 4. 

3. A charitable person relieved four poor women, 
to the first of whom he gave a certain number of shil- 
lings, to the second he gave two shillings more than 
to the first, to the third he gavo two shillings more 
than to the second, and to the fourth he gave two 
shillings more than to the third : now the continued 
product of their money, multiplied in shillings, a- 
mounts to £173. 5s. Required the sum given to each. 

Let X — 3, X — 1, x+l, ai>d 07+3 denote the num- 
ber of shillings respectively given to each ; 

.•. by the qu. ar — Sxx — 1 xa?+l K a? +3=3465, 

or a:*— 10072+9=3465 ; 
completing the square, 07* — 10a7*+25=3481 ; 
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extracting the root, a?^— 5=59 ; /. a:=8 ; 

whence, he gave 5s. to the first, 7s. to the second^ 9s. 
to the third, and 1 ] s. to the fourth. 

4. It is required to find five numbers in arithmetical 
progression, whose sum is 25 and product 2520. 

Let X = the third term, 

and y = the common difference ; 

then, X — 2y, ar— y, x, x+y, and a: +2y will de- 
note the five numbers ; 

.*. 5a?=25 5 and x=6. 
Also, (a?2— 4y).(ar2— y2).x=2520; 

substituting the value of a: in this equation, 
(25-4y2).(25-y2)^5_.2520 ; 
4 125 „ 121 



*!, . 125 2 125 

comp. the sq. y*— 4- ^ + T 



15025 121 laeso 

64 "" 4 ^ 64 



125 117 

extracting the root, y^ — -^^ i s" * 

.*. by taking the negative quantity, y= 1 ; 
whence, the numbers are 3, 4, 5, 6, and 7. 

5. Divide £190 among A, B, and C, so that their 
respective shares may be in geometrical proportion, 
and that C's share may exceed A's by £50. Required 
each person's share. 

Let X = A's share in pounds 5 
then, ar+50 = C's shai'e, 
and 190--2X— ^0, or 140— 2a: = B's share ; 

.-. X : 140— 2a: :: 140— 2a: : a:+50; 

then 19600— 560a: + Ax^=: a:« + 50a: ; 

610.r 19600 



by transposition, x 



,3 



3 
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^ 610 . 93025 84225 

completing the sq. x^ — -^x + —9-= — q— ; 

. .. X 305 , 185 

extracting the root, x — -g-= ± — ; 

taking the negative value, ar==40 ; 
whence, the other shares are £60 and £90. 

6. Required four numhers in geometrical progres- 
sion, the sum of the first and second being 20, and the 
sum of the third and fourth 46. 

Let X = the first term, and y = the third ; 
then, 20 — x = the 2nd term, and 45 — y = the 4th. 

/. X : 20— j: : : y : 45— y. 

Ox 

OT A6x — xy=:20y—xy,oT20y=:A5x; ,\ y=-T-, 

and xy=ziOO — iOx+x^; 
substituting the value of y in the second aquation, 

^=400— 40a:+a?2; .-. ^=20— r; 
and 3ar=40—2x; 
/. xrzS, andy=— =18; 
whence, the numbers are 8, 12, 18, and 27. 

Or thus : 

Let X =: the first term, and y the common ratio, 
then, x, xy, xy^, and xy^ will denote the four numbers; 
.*. by the question, x+xy=20, and a:y'+a7y'=45, 

or x.(l+y)=20, and ^y*.(l+y)=:45; 

.-. l+y=~, and l+y=~; 

20 45 45 

Axioms. — =^, or 20=-^; .-. y=H; 
whence, the numbers are 8, 12, 18, and 27. 
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7. Divide £700 among A, B, C, and D, so as their 
shares may he in geometiical progression, and that the 
difference between A's and D's may be to the differ, 
ence between B's and C^s as 37 to 12. Required each 
person's share. 

Let X = A's share in pounds, and y = the com- 
mon ratio ; 

then, an/ = B's, ory* = C's, and x^ = IVa ; 
.-. by the question, x + xy+xy^+xy^:^^)^). 

Also, xf^x : xy^—xy : : 37 : 12 ; 

.-. l2,{xf—x)=zS7.{xy^--xy), 
or 12.(y'~l)=37.(y^--y) ; 
dividing this equation by 12.(y — 1), 

37 

f+y+l==-^y; .-. 12y'+12y+12=37y; 

25 

by transposition, &c. y^—r^sz — 1 ; 

25 "25 * 49 
completing the square, y^''J0+2i =575 J 

25 7 4 

extracting the root, y— 35= 34 1 - • ^=-3- ; 

substitutixig this value of y in the first eq. xz=i 106 ; 

whence, A's share £108, B's £144, C's £192, and 
D's £256. 

8. There is a number consisting of three digits, in 
geometrical progression, the first of which is to* these* 
cond as the second to the third, tlie number itself is to 
the sum of its digits as 124 to 7, and if 594 be added 
to it, the digits will be inverted. Required the number. 

Let X = the first digit, or that in the hundredth's 
place, and y = the ratio ; 

then X, xy, and xy^ will denote the three d4|^ ; 
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/. by the question, 

lOOx+lOxy+xy^ I x + xy+xy^ : I 124 : 7 ; 
dividing the first and second terms by x, 

lOO+lOy+y^ : 1+y+y' :: 124 I 7; 
Theorem 4, 99+9y : l+y+y^ :: 117 : 7; 

Theorem 10, 11 +y I l+y+y^ :: 13 : 7; 

/. 13yH13y+13=77 + 7y; 
by transposition, 13y^+6y=64; 
= Completing the sq. &c. y is found to be equal to 2. 

sA]0O, by the question, 

lOOx + lOxy + xy^ + 594= lOOxy^ + iOxy + x ; 
by transposition, 99a7 + 594 =i99xy^ ; 
. dividing by 99, x + 6=xy^ ; 
sabstitating the value of y in this equation, 

luBoee^ the number is 248. 



EXAMPLES FOR PRACTICE 

"» ■ ■ 

In Arithmetical and Geometrical Progression, 

1. The three sides of a triangle, whose perimeter is 
\, are in arithmetical progression, and the sum of 
le first and second terms, is to the sum of the second 
k'd tfai/d^ as 2 to 3. Required the sides. 

Ans. 3, 5, and 7. 

2. The three sides of a triangle, whose perimeter is 
V, are in arithmetical progression, and the product 
r ibe first and second, is to the product of the second 
ad third, as 3 to 5, Required the sides of the triangle. 

Ans. 6, 8, and 10. 



\ 
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3. A person had seven sons, who had each saved a 
certain number of shillings, which were in arithmeti- 
cal progression : the number saved by the second was 
8, and the number saved by the oldest was 18. Re- 
quired the savings of each. 

Ans. 6, 8, 10, 12, 14, 16, and 18. 

4. There is a number consisting of three digits, 
which are in arithmetical progression, which being 
divided by the sum of its digits, the quotient is 28J ; 
but if 198 be added to it, the digits will be inverted. 
Required the number. 

Ans. 345. 

5. The sum of four numbers, in arithmetical pro- 
gression, is 66, and the sum of their squares = 864. 
Required the numbers. 

Ans. 8, 12, 16, and 20. 

6. Find four numbers in arithmetical progression, 
the sum of the squares of the means being 400, and 
the sum of the squares of the extremes 464. 

Ans. 8, 12, 16, and 20, 

7. After A, who travelled four miles an hour, had 
been on his journey 2| hours, B set out to overtake 
him by going 4^ miles the j&rst hour, 4^ the second, 
5 the third, &c. How many hours was B in overtak- 
ing A? 

Ans. 8. 

8. The sum of the first and second of three numbers 
in geometrical progression is 12, and the sum of the 
second and third is 36. Required the numbers. 

Ans. 3, 9, and 27. 

9. It is required to find three numbers in geometri- 
cal progression, whose sum is 7, and the sum of their 
squares 21. 

Ans. 4, 2, and 1. 
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10. Required three numbers in geometrical pro- 
gression, whose product is 27, and the sum of their 
squares 91. 

Ans. 1, 3, and 9. 

11. A. person has four sons, whose ages are in arith- 
metical progression, the product of the youngest son's 
age multiplied by that of the oldest is 40, and the 
quotient of the third son's age divided by the secoad 
ia 1|. Required each son's age. 

Ans. 4, 6, 8, and 10 years. 

12. A stationer sold seven books, their prices in 
shillings being in decreasing arithmetical progression; 
^the price of the second was 13s., and the number of 
shilHngs that the first cost, was to the number the se- 
Tenth cost, as 5 to 1. Required the price of each. 

Ans. 15s., 13s., lis., 9s., 7s., 5s., and 3g. 

13. Required four numbers in geometrical piogres-- 
sion, the sum of whose means is 30, and the sum of 
the extremes 45. 

Ans. 5, 10, 20, and 40. 

14. A person bought four reams of paper, the par- 
ticular prices of which (in shillings) were in geome- 
trical proportion : the number of shillings the first 
cost, multiplied by the number the second cost, makes 
£L 12s., and the product of the third and fourth, mul- 
tiplied in shillings, is £25. 12s. Required the price 
oi each. 

Ans. The first 4s., second 8s., third 16s., and 
fourth 32s. 

15. It is required to distribute £4. 10s. among four 
persons. A, B, C, and D, so that their respective 
shares, in shillings, may be in geometrical progres- 
sion ; the sum received by A and C was 30s. Requir- 
ed the sum received by each. 

Ans. A received 6s., B 12s., C 24s,, and D 4Q»« 

2n 
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16. Required four numbers in geometrical progres- 
sion such, that if the first and second be multiplied by 
2, and 6 added to the third, they will form a series of 
niunbers in arithmetical progression. 

Ans. 3, 6, 12, and 24. 

17. A person bought four remnants of cloth, whose 
respective lengths in yards were in arithmetical pro- 
gression, and found that if the first had contained 2 
yards, the second 3 yards, the third 9 yards, and the 
fourth 25 yards more than they did, their respective 
lengths would have been in geometrical progression. 
How many yards did he buy ? 

Ans. 36 yaid& 

18. What five numbers are in geometrical progres- 
sion, the sum of the first and third being 15, and the 
sum of the third and fifth 60 ? 

Ans. 3, 6, 12, 24, and 48. 

19. Two travellers, A and B, set out together from 
the same place ; A goes eight miles the first day, twelve 
the second, &c., B goes one mile the first day, four 
the second, nine the third, &c. according to the square 
of the number of days he travelled. In what time will 
B overtake A? 

Ans. 7 daya 

20. Two persons, A and B, at the distance of 462 
miles, set out at the same time to meet each other; A 
goes one mile the first day, two the second, three the 
third, &c., and B travels each day a number of miles 
which is equal to the cube of the number of miles that 
A travels on the same day. In what time will they 
meet ? 

Ans. 6 days. 



147 



SOLUTION OF CUBIC AND OTHER EQUATIONS BY 

APPROXIMATION. 



DEFINITIONS. 

I. A Cubic Equation is one that contains the third 
power of the unknown quantity, as a^-\-(ix^-\-hx^zc. 

3. A Biquadratic Equation is one that contains the 
fourth power of the unknown quantity, as a?*+aar'+ 
bx^'\'Cx=>d. 

3. An Equation ofXheffth power, is one that con- 
tains the fifth power of the unknown quantity, &c. 

Many ingenious rules, though some of them very tedious, 
have been given for the solution of cubic and other equations 
of higher powers, but they may be more readily solyea by ap- 
proximation, sometimes called <' trial and error.'' 

RULE. 

Substitute for x in the given equation, two numbers 
09 near its true value as possible, observing that one of 
them be greater and the other less than its true root or 
value, and mark the separate results ; then, as the dif^ 
forence between these results is to the difference between 
the numbers substituted, so is the difference between the 
ttue result and either of the former to tJie respective cor-- 
reetict^ of each : this correction being added to the nunu 
ber when too small, or subtracted /rom it when too large, 
will give the root or value of x nearly. 

The number thus found, with any other that may be 
supposed to approach still nearer to the true root or va- 
lue of X, may be assumed for another operation, which 
may be repeated till the root shall be determined to any 
degree of exactness tluat may be required* 

3n 
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EXAMPLES. 

1. Given ar^+ocr^+x=:lOO, to find the value of ar. 

Here, by a few trials, x is found to be more than 
4, and less than 5 ; therefore, if these two num- 
bers be substituted in the pjiven equation, and 
the results calculated as follows : 

By the first ) ^^Z. iq By the second \ ^g^ ^ 
supposition f^^^Q^ supposition ^ aU»--i25 



84 results 1^ 



155 5 100 true result, 

84 4 84 



as 71 : 1 :: 16 : .2253+ "-'"' 

therefore, a?= 4 +. 2253 =r 4.2253, which approximates 
nearly to the true value. 

If now 4.2 and 4.3 be taken as the assiuned num. 
bers, and the operation repeated. 

By the first ^ Z.Z 1 7 L By the 2nd. ^ ^= .J J 
supposition ^ ^3^74:088 supposition ^ ^3^79:507 



95.928 results 102.297 



102.297 4.3 102.297 
95.228 4.2 100 true resttlt. 



6.369 : .1 :: 2.297 : .036; 

therefore, a?=4.3 -.036=4.864, nearly. 
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Again, if still greater accuracy be required, let 4.264 
and 4.265 be the assumed numbers, then 

X = 4.264 X = 4.265 

a?2= 18.181696 ic2= 18.190225 

ir3=77.526752 a:'=77.581310 



99.972448 results 100.036535 



100.036535 4.265 100 true result, 
99.972448 4.264 99.972448 



as .064087 : .001 :: .027552 : .0004299; 

consequently, a?= 4.264 +.0004299 =4,2644299, very 
nearly the truth. 

EXAMPLES FOR PRACTICE. 

1. Given a?»— 15a?H63ar=50, to find the value of ar. 

Ans. j?= 1.028039. 

2. Given x^ — 12ar=84, to find the value of x* 

Ans. ar= 5.2822. 

3. Givena?'—17a?»+54ar— 350=0, to find the va- 
lue of X, 

Ans. j?= 14.954. 

4. Given x* — 3a?* — 2a?^=8, to find the value of or. 

Ans. or =2. 

5. Given 2a?*- 16a7'+40a?2— 30a:+ 1=0, to find the 
value of X. 

Ans. a?= 1.284724. 

6. Given ar^+2j?*+3ar3—4arH 5a;— 1=54320, to 
find the value of x, 

Ans. 0?= 8.4 144 

7. Find two numbers, whose product multiplied by 
the greater will make 405, and their difference multi- 
plied by the less will make 20, 

Ail's,, ^ ^sA^« 
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INDETERMINATE ANALYSIS, 



OR UNUMITEP PROBLEMS. 



It has already been determined how the Tialae of 
one unknown quantity may be found from one eqna- 
tion> and also how ihe values of two unknown quan- 
tities may b^ found from two equations^ &c. having 
as many independent equations as there are unknown 
quantities to determine, which must be the case when 
the given equations or questions require some certain 
or definite answer. 

When a question does not furnish as many equa- 
tions as there are unknown quantities to be determin- 
ed, some of these must remain undetermined, and 
depend on the will ; for which reason, such questions 
are said to be indeterminate, and frequently admit of 
many answers, forming the subject of a particular 
and useful branch of Algebra, called Indeterminate 

' CASE I. 

When the given equation conUuns two unknown 
quantities. 

RULE* 

1 . Find ike value of one of the unknovm quantities in 
terms of the rest, as in step first, in the first example, 

2. Divide the numerator by the denominator, if dim- 
sihle, as in step second, and put the remainder equal to 
a whole number, w, if the coefficient of the unknoum 
quantity in this remainder be 1, as in the fourth step. 
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3. Clear this eqttation of the fraction, and find the 
value of the unknown quantity, in terms of the rest, as 
in the fifth step, 

4. Then to may be taken any number that will an- 
9wer the conditions of the question, as in step sixth. 

Or the value of this unknown qiiantity may be substi- 
tuted in the first step of the eqiuition, as in the seventh 
step, where w may be taken any number that will answer 
the conditions of the question, as in the eighth step, 

6, But if the coefficient of the unknown quantity be 
more than one after the division, or that the numerator 
cannot be divided by the denominator, as mentioned m 
the second, part of this rule (as in the fourth step of the 
second and third examples), take any multiple of this 
quantity that may be convenient, and add it to the wn- 
knovm quantity, if the unknown quantity in the frao* 
tional part be negative, but subtract it if the unknown 
gtuintity be positive, in order to exterminate the coeffi^ 
dent of the unknown quantity in the fractional part, 
then put this sum or remainder equal to w, and proceed 
by the third part of the rule. 



EXAMPLES. 

1. Given 4x — 6y=l0, to find the values of x and y 
in whole numbers. 

1. By transposition, x=: — -— ^, which must be a 

whole number. 
S. Dividing the numerator by the denominator, 

— T-^= 2+y+ -j^, which must also be a whole 

number. 
3. But 2-|-y being a whole number, it may be re- 

24-1/ 

jeeted, and the remainder — ^ (the unknown 
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quantity y having 1 for a coefficient^) must be 
put equal to a whole number w. 

4. .*. Let-— 7-=M7. 

4 

5. Clearing this equation of the fraction^ &c. 

6. Let w be taken any number that will answer 
the conditions of the question ; /. if m;= 1, then 
y=2 and x=^6, two numbers which will an- 
swer the conditions of the question. 

7. Or by substituting the value of y in the equa- 
tion of the first step of this solution, 

10-)-20»— 10 

*= — i ; 

8. Then, as above, if m7=1, a?=5, and y=2, two 
numbers that will answer the conditions of the 
question. 

N. B. Several sets of numbers may be found that 
will answer the conditions of the question, by assum- 
ing w any other value, as follows : 

Iftt?=2, thenars 10, and y=6. 

«?=3, thena:=15, andy=10. 

t<;=4, then a?=20, andy=14, &c. all of 
which numbers will answer the conditions 
of the question. 

2. Given 3a?=8y— 16, to find the values of or and y 
in whole numbers. 

1. Here ar= -^^^^j which must be a whole number. 

2. Dividing the numerator by the denominator, 
"^!~-=2y — 5+"^y~^ which must be a whole 
number. 
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4. Then 2y — 5 being a whole number, it remains 

2m 1 

to make the remainder, ■ ^— , a whole number : 

but the unknown quantity in this remainder 
has 2 for a coefl&cient, therefore, if this remain- 

der be subtracted from y, or its equal, -^, as 

follows, -y — ^y^=^^, which must be a whole 

number ; here the coefficient of the unknown 
quantity y being 1, the expression may be put 
equal to a whole number w, 

5. het—^w; 

6. Therefore y=:3w — 1. 

7. Let w be taken equal to 2, then y=5, and 
rc=8, two numbers that wUl answer the condi- 
tions of the question, 

8. Or, by substituting the value of y in the first 
step of this solution, as in the first example, 

_ 24n>--8--i6 

9. Then, as above, 

Ifw be taken 2, then y= 5, and x=z 8, 

w 3, y= 8, x=l6, 

^ w 4, y=ll^ x=z24, 

w 5, y=14, ar=32, &c. 

numbers that will answer the conditions of the question. 

3. Given 17ar+15y=130, to find x and y in whole 
positive numbers. 

1. Here y=z — -r — , which must be a whole 
number. 



I 
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* 2. Dividing: the numerator By tlie dehblnlnator^ 
— 7- — =8 — x+ -. , which must be a whole 

15 • : 15 

number. 

3. But 8 — X beinff a whole number, it -miy .be 
, . rejected, and the remainder, ^^ , must be 

made equal to a whole nimiber w. 

4. By the fifth pait of the rul^ the.ni^a^mi^, 
quantity, x^ in this remainder, haying- iQl^ff 
toon 1 for a coefficient, thereforei, msjltk 

by 7, and the product will be •»— rj 
which being added to x, or which is the same 
thing, to Y3-> as follows, jg-+— ^j-ra^s^j^ 

- 5. Let^=u;; : -^ -I* 

6. Then70+a:=15u;; .-, a7=15ia— 70; 

7. Let w be taken =s 5 ;. 

d. Then j:=:5, and y=3, two numbers that^wfll 
answer the conditions of the question. :-,^ ^^^ 



EXAMPLES FOR PRACTICE. 

1. Given 3j?+2y=r26, to find the values of iriaid^< 
in whole positive numbers. ; UT #j 

Ans. xss6, and y=4 

2. Given 4jr— 5y=10, to find the values of x and y 
in whole numbers. 

Ans. xss6,^sxs3d 1^2, 

■ . L ■ I' 

3. Given 12ar=138 — 7y, to find the values of a: and 
y in whole numbers. 

Ans. xwS, and y=6. 
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4. Given 87j?+256y— 1908=14102, to find the 
least value ofx, and the greatest o^f^, in whole numbem. 

Ans. x=:dO, and yr=:«N>. 

5. Divide 100 into two. such parts, .that the one may 
be divisible by 7, and the other by 11. 

Am. M'md 44. 

6. Two boys having together 180 marbles ; one soys 
to the other, ' When I count iny marMes by eiriits, 
thfBitt is an overplitf of 7 :' th^ o&er replies, 'If I 
eoiiAl mw marbles by tens, I find the; same overplus 
of 7/ How many marbles had each P 

Ans. The first boy liad 23> and the second 77. 

7. A draper bought two sorts of doth, consisting of 
blue and black, for £88. 10s. : for the blue he paid 
31b. per yard, and for the black 21s. per yard. How 
many jr&rds did he buy of eadb ? 

An&. 9 yards (^blue, and 71 of black, 
or 30 do. 40 do. 

8. in; what year of our Lord was the cycle of the 
soir 23, the cycle of the moon 14,. and the cycle of the 
R<M!»an Induction 4 P 

Ans, 1666. 

9. How much wheat at 5s. 4d. per bg|ll|d» 9^ rye 
at 38. 7d. per bushel, will compose a mixture worth 
4s. 7d. per bushel ? • 

Ans. 4 bushels of wheat, and 3 c^ rye, 
or 8 do. ' 6 do* 

or 12 ' do. 9 do. 

N. B.- Any two. numbers in the proportion of 4 to 
3 will anbwer tlie question^ 




GASBIL 

Wlfentnagirenf eqtmtion contains three or more 



eoe 



:Pln(i:4he Ihnii ofi tim^ qiuuUUy. whicA has. (Af greateMt 
efficient, and thenjind the different values hy Cas0 I. 
ir* ^tn^^fi^tot^i^ example. ; " *,^;' 

Giyea3x+4y+^=62^ t^ find the values of V/ jr^ 

^i«;"ifi oY^y^ti^^fit^d the 1bni«;or ;^|^^ 

hi^ that z: macf bate {t ti^in*^ the gr^fimf 
oaeffidOTl)^ tatotki^^Falaes of a? and y, each 

Tbea^ h^r Gaae I, Vi d Jii 





a^^«ireV*^y>"*«'i^fl^^ 

- add^ toz in order to extena&af^'lhe eoeft- 

riibj lii ^yfiia ifti m '■ - ■ t; ■ • ^ ;•;.■ /« iiiij oi 



"bf 




.- . n z-=: I, vwui := 9, ana x =: itVTr - 






Sc. 
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EXAHPL88 FOK P&ACTICE. -, 

1. Given 3a;+5y—12»=3, to finaflife'TUueft'tir'*, 
y, and s, in wbale nimban^^- 
V' Ana. xi=4, jr=3, and x=2. 

y, kbAz, in whole numbers. _, 

Ans. xs=3, ^=4> and x^d,, 
3. Given 4x— 6y+3x=2, to find the v«Iries.cf«, y, 
ojtid 2,,fn ni)oIeiMU(iben. , , , ,^j^ 

Ajtm «a»S,.:«!«4vt*(lt>'=(>. 

.^ 4^ ailTer-sOdtfi .bat thtee kintfe of Mltc^ titt! flHt 
''6z., the second of S^ oz., and the third 6f 4i oz. 
mn-%«r'tMfrk'Of 8'oe. HM' 1h^ '«y6nV:^ W tach 
nun Be take to font ft itfUMM'to'^ny^ WmaAti, 
USftt.? "' ■■ 'i c: "'^'" 

. Am. i9;t9r&iid^^.o^UJ,(V^i^tfV.#;t^5.aiidd. 
dithf^e pu^ilMr4:Baf^ fjnttif^tlwitintbe 
by 3, tlie s«c(Hid by 6, Bnd4he.lbii4by ?, 
<AQirpioditctawiflb««0; botif the first 
b$^tu>lifi4.V7 9, tba.DKCAd, Iq 3d„,and„A« tkird 

A;t4 ■pftrtbif,bt««liloi(ai, CO**, J, 
to the amoom of 100 iii'ittimbej; for 
oTheeave£tO, for«iiJt»-^vf'£tfj"r 



6^ 




(.Sheep, 74, 76, 78, 80, 82, 84, 86, 'SS, 90. BZ. 
T. Bow iBtiiij difieitnit wtiys tn«y '•rin^ at dA. %d. 
fOd. and i6d. per quart, be nrixtd «q lu^l^ make VS^ 
quarte worib lad. per quart? • 

AW.M2. 
o2 
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THE APPLICA^ON' OF ALGEBRA 

: TO T«» *iLtJ¥lMr Of" ■ • ■ ■ '<'i '>a'' 

4Elr£OM£TttICAL rEOBI<|!jikEl|.^ 

, I .. . .' ;i ,;j , -> If 

1 '.. I ■ f »-'iiii 

/i'--*'' •*^. 

In order to flolTe- Geometricid JPiiftlems A%ebra. 
ically, draw a figavrta rqnssent the conditioiis of the 
problem^ and.ddiudder ittke tnieoiiie.''i' '-f- <*') ^'t 

. Then, let the unknown line or lines, which ^^ppewl^ 
the easiest to find, bevfegr^pted by the cpmmoii al- 
gebraical symbols J connect these, by the diff«ttit 
itileisi ^Lhd ^^jHezds in Eticlid^s ESe^entg, tt^uU^&e, 
k«^lit'=ditaflfiti& or Ibies; dild fohki As inaiii^cg^^^ 

which may be solved by the rules already gn^iil'.' "^ ' 

In 80iiio<caBaQ'«dlter^d^tfgiire i»dniiMl; lt'#toaires 
to be prwaied for ao)«t|oii, by producing f^ amm- 
i^ such lines as may be wanted, in orda^ tp fi>taiii a 
soluticm ; but^ a3 no genec^ rul^ can ^ fffYtfS^fy^P^ 

f^T^tm^ ^wl^^^^i*^ ^9\9^iif\mk's' 

UotkB;^ w|R1|nhg 6ut the most smiple conclnaiona, 
it may not be improper Jo. t]»eil€i»mer to attempt the 
s<^utJb(^^of the M^me proUem di&rent wiiyaf'.anScti|^ 
ply that method wUch succeeds i the • best i/^ tinhlaif ) 



">/. ? '" ' < > "* ' — ''f' ". '»■ ; ■ 



Before the Student attempts, ibe solunon of Gitonetrical Pio- 
. The Author gives preference to Bbim^Bastl^^Eaillducf n 



.<'■'■ 



TH^ APl^lACXtt^ OlF AL(3lMBBtki &c. \S^ 




Giren ttie base of a r^f afigl^ tAai^l^^cMiiis 
akBd thtt Stan df tbd h]r{V^€a(Kti^3n4 ^ih^ikfieidiur &, 
chains. Required the sired of tkV At^lc^.- 

B c ; then 8 — ar=: the hfpcftb€' 
nuse A c ; 

A 

)iir loh^K ' 'OV 16-4*^^c3s64>^''16jr^4?'^.; ■' ^nUi .,fiit;:)i 

by transposition, 16ar£=s48 ; •*; apsatd^; i i < <' : .10 .nii 

whence^ the iCrea of the trilSnglie^ ie 6 square chains, or 

cfliu a cAauu. _ ^ttjporedtbe bypothenas* ,i(!ody p«r,, 






In the albove figure, let a: = the perpendicular 
iiiij>BP>; th«a^+2 ::p tKe iypolheiuiseAOipcw i^i 

i.*y 'AE*=i AjT+ife^, ^<A *s«im'i^'.» 

^bidiag<tMa ^« rei^taWl^^SVOji' Wd^ hii^^ 
thulftmir 8il« 14Qi '^Req^iiAd»i« fii^. f'r;fr;>«t )7T^ Yiq 

In the above figure; let x = Ai, the Tength j*^**'*'^ 
then 70 — x^bc, the bWfadtl^; 

.-. (En.47, 1.) ai<*+hc*=:ac*, 

.^f bttfaftBpoedtibiH ^«'-l4(>;»±:^24pOLihig!iqrf}K!v 
tion 86lved=giv^-i*±t46y lMr.i/^rT»'i«*W»n.i 

o3 



: The area' of a vl^bt aiugled triangle is 600; aiidHhe 
kngtb atid bMBdth of (he inscribed teaaittleS4'tilia 
a R6qull«d tte Bidesiofthe triangle. - :":^ M>- *" 



• I * 



In the right angled triangled 

ABC> let 0?= the perpendicular 

Bc; thenx — 8=:cf; 

. /• the trijEtnglea abc and dfc 

l^ing similar^ by Euc. yi. 4, cf 

:df :: bc : ab, ^ 



-orjc-^:'24 :: x :~:s=a'b; 

then, ;j::5X-2-=5600. or jr»-n60r=r--40©,vi»hich 

• ! equation being solved, gives a?=;40. "^ - ,,^ 

Also, by similar triaifglei, FC I m H AQ.fi'^kB, 

or 32.: Hi: »\: aa* 

whence, the three sides are 30, 40, and SO. 




•■■II « 



The bas^ qf a plam triangle is 40, its area 400j Wd^ 
the a,rea of the ixiacribied^ rectangle IdO. Keqj^r^d^j 

sides of the rectangle. ' - .'J ^^ 

^. C 

Let Ane WC^ triangle, and ^ y4^ . 

abed the ina^drnd rectangle. y^l^v « 'j. 

hetx:^Mbot^.cd; then by ^ ^ r\ \f^ 

sidiilar triangles, (lEu. vi. 4.) ^Pl I K 

AB : cd :: so : cr-, a^^ S 3^b 



or40:ar.::20*:4-=i:Cr. 



■ ..ij 



then ar. (20— — )= 156 ; .-. ar*— 40ar=:— 300 ; 
..„-.. tWa. equation beingj^Vi9d>3TT=saO,i., hajj -i-. 



TDi ^tAmi^BiokVPkm\iEm? 



m 



and perpendicular. R^\rtrfi^ atMf s^iJt^shMd^^ii'peli. 
dicular of the triangle. 

' ..; :-. •': \ »^ -. : u'-j- rnit n- 

Let 2a:=AB the bas^i'aitf ^^'.V^^ ''^ "^^ 

y^CD the pai|>endicular^ ^ ; 

.1 ^^ 




*^^J then xy2=675 ; and \/x^ + y*=AC or bc, one of 



the equal sides; .'^2\/a^-^^:^2x'\'y; 
' squaring each side, 4ar*-|-4y'=3.4a?'^^ary+y« 
.j3iiiby.'tmfispo8itioii, &c.^ys»4*i ^. - ;;:;:: t^-^'^i 

These eqi^tiope. being ^^lyei^i ^ M &iiml to bc 
22 5andy=:30V . . jT 1/ 

iJ Whence the base is 45, the perpeiidictilar^tf and 
6{l^ of the equal sides 37.5. 



; »'~. ■ ; " : 



PROBLEM YII. 



jfl • 



Given the segmentsof ttrti'liiiAe, made by the per- 
^icRilAC'ifcom- the v^rtfdte loai^ tir^K^-the 
)tiM9^> 20 and 15; ndtliilsi^t^ 5f lH« «ffl^ W 
5 to 3. Required the sides. =ri,v ;«>• M<f ? 'l^ ?wbm 

.' . • C 

Let AD be the greater segpi^V.. hi»rf|y&iJ^ \s^s, 
and BD the less; P«t a:^^^ ;; ^.. "/< >X 

then 5 :4: : .t : ^=tBC., \ 

.*. (Eu. 47. 1) AC'— AD*=DC«=BC8— BD*, 

^'^ > or jj*— 460=^ — 285 ; 




Giyen the base 20, the sum df the side* S0« and the 
- line drawn from the verticle angle to t&e nidAe of the 
base 8.5 to detennine the triangle* 

Let AB represent the base, ac 
and Bc the two sides, and cd the C 

line drawn from the vertical 
angle to the middle of the base. 
Put jr=AC ; then 26 — ^jr=BC. A 

■ 

. Then, Iby ]^oQpy«a$tle*s EucUd. or 6eoBieti;y».^po)^^ 
2. Prop. 13. 

AC* 4- BC*c=8cD* + 2ai>', 

*oi'*N-e7e-^2:fr+a?»=rr44:5+200r ■ • ■' < 
by transposition, Sec: a^-^TOxsi— l6S.7Ai ' " '■' 

this equation solved, x=:U.S02tt56i. 'and', bcs! 
11.197^430. • ' ''"^' 

PROBLEJI IX. , 

Ohren the Hides and tlie fine besecting the vertical' 
unide, of any plane triangle, tO'find the Ittsei' - ..'^/'.li 

nIb. The. above figor* bdng siBxikr.to> fli^/aboi: 
requiied. Cmt this <}ue8lion,i the Author Ims% nohl*. 
Hioered it the real figure in tlie/fidlowing'soloden. u ;>i! ; 

Put the side ac=«; bc=:6; cd, (the line which 
beseets tfaa iNfcCind angle acb) =c, and the baaii 
absx; thfD, by (Euc. 3. vl) . r 

AC : CB :: ai> tm, 
or a : 6 : : AD : db. 

And by Proportional Thearem 3. page 31. 

•a+»:6j;a:ri>B=:^ * 

Afto, CB "f AC : : BO :.AD, '-'M' • 

Of * : <r : r^i^FiAiJ- ...u.jiu 




Alio, by (Euc. Ifl. Vii) a0 x«b + dc*= ac x bc, 

then, a6x'= (a jl-^)': X;(ii^rT ^) ; .\ ,,|^ .^ <„^,, 

,i PROBLEM X. 

A^Carpenter's Apprentice applied to his Master to 
kiib#tB3^aittg h6 mtist tAke -tb irttikl*'*^ HitJ df a^ 
centre for the top of a circular door, its wkhhibiftiiig''^ 

' forty-eight inches atid the Wfeh to lise fifteen inches. 
The mast<iM&)t beita^ aUe to.inranA.bimiobe begs 
that the-yorimg AJgeb^st wilj give i* g^MM^ftlv^V^^^o'* 

. to the apQve, ^ a3^ his^i^ay in future be enatJed td find 
t^e^iii^ of any ciroulai- centre t6t ^ eith : ; Jl* 1 , ; » A 

In the annexed figure, let Ab de- * 
ntHodie widdiof the door^vc the 




height of theft^^il€ent(^»*iciiTAi8 ' "• t 
arraovicentrei^iiid i^oiho idiaiBiien- ^^/^ 
of lib* oinde, of ' wliieh the>>firtab >^ "t r : NkuLa*^ i t '^' 

cir<?ulan«bor top axsbU a.piirt* ^}>^:^)\ -^a n siiiD;> >» o 'iv^f 

^1 ^r.? ■■ .Put Aiss2mrPC^b mid^mcisAx, .^u, . uh .i(,*i 
Then PDttsdyKt^ ; /; by tke ptf^ert^^tfi A»civi)e,rfin«3o 

36. ni. ■ hnI) ^li ir^ri* 1 r..a/k 

cp X PD=AP w«,yv*. i(ir-*-A)=«* ; 

Then substSUatiBgntfie .valufis tf.^«( and 6, in the 

equation a:= — j^ — !??---««— —afrfJ84thf^4?ft«^^ 
the cirde, half of whichls^9^7^oc,tbk raAus required. 

\ *^ . ■ 



PEQBLEil xr.'. " " ' 



. f 



Given the perimeter of a n^fatt^ig]^ tdimgle. and 
the radius of tbelnseilbflddvbtei tolSkd the sides of 
the triangle. ^ . 



Let ABC denote the riirbt 
angled triangle, ,o the centre of 
the inscribed eirole, tK>, EO,^or fo, 
the radius. 

A 



*"i 



ii 




Prepare the figure, for &ol«tion, by drawing the 
lines AG, BO, and co; then ab=:ap, cb=cf, and 

WsrttP.-y ■^■'- ■-.... fir 

Then pnt the given perimeters ji^ the rac^ns of the 
inscribed cirelet=rr, AJt or its equsti Ar>±sSfi and a 
or CF=|^. 

By the Problem, '■ ' 

. y , AD-fiio=AB, or x+r=:AB; 
AE+ecs3At^, or\r-f ^Ac; 

,^|UBd CF+VeasBG, ^r Jf-HrsEBC. *'*>:'vP. 
.\ ar-f r-far+y+y+rss;!. Of 2a:+2y+'1M=:p ; 




By Euc. 47. i.' («+rj»+(jr+r)«=(i-byi«, 
by troaspofi^don and divisicm, 
.^Uifastitntiag tiia^wakts •fwi-in-lAii^'ecR 



..1; jAiij o yVr^fj:;*^^^)iys:-^^jpr;'- 



:.v T-aifc^ 



". Tx » 



Tpr^BiOMEiriWOAi PBOBI.BM9) 



lM>M 



completing the square, 
lo g^\J^d3 i«?^cti°g tJae s quare too t.' ' ■ -r.i 

if—iUp—'-)=l=\^i{iit-ry—ipr: 



and by a similar operafion. 



r). 



^BL±^^[ip — r)'-ipr + i('p~r)J\.r':'' 

tp^=T'/Uip—i-r—ipr+Uip~^)+r. 

,^. ;■,: Orthus: '■ -■'="*^*fl"j 

rfthe perimeter of the triangle be 120, ( 
Tadins of the inseribed circle 10. 

^'' ;■ ' ihena^+lO+y+iO+a+y=iaJi.^1 

.■.x+y=50i andj;=50— y. /=^'>» 

AlBO, U+lO)' + (y+10)*=(a7 + y)*, 

.-. W0i + 20y=2j:y— 200. 

Substituting ibe value of jf In this equation. 

•. IOOO-^aOy+aC^=100y^2y*— 20,0; 

.-. y'— 50y=— 600; 

fompleling the square y'— 50y+625=623 — 600=S 

estracting the root y — i5^= ' 

.■.5=20, and 47=30; 



PHOBLEH XU. 

If ftnSM>e of two inches diameter be suspended 
Kg^aiast an upright wall, at what tlistanc{i from lh« 
Vail must a l^bted candle be placed,, so that lh«. 
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enlightened part of the sQtktce of the fflobe» may he 
equal to the area of the shadow on we wail ; the 
light and centre of the globe being in the aauto hori- 
zontal line P 

Let i«p represent 
tlie globe, WAL the 
M-all, and c the candle; ^ 
then put a=AO or do 
or Fo, the radius, p 
=r .7854 and casx, 
.-. co=a? — a; and by 

similar triangles co : on : : on : 00= , hence fg. 




the height of the enlightened segment^ =< 

-; consequently the area of the enlightened part 



of the globe EFD=8p.l .1 

Again cd= \^a^ — 2aa:; then by similar triangles 
CD : DO : : AC : AW= = the nulius of the 

tfijc 
shadow on the wall, and ^><^Z^^'^^ *'^> •'• "^ 

the question, Spx ^.^ '=^J>X;;3g;> which by re- 
duction becomes ar* — r 7<Mrac — 8a' ; whence ar=: 
5.56155. 

PHOBLBHI TOK PRACTXCB. 

1. The base of a right angled triangle is 36, and 
the difference between the perpendicular and hypoth- 
enuse l«. Required the area of the triangle. 

Ans. 486. 



• r 



2. The difference between the base and hjrpothenuse 
of a right angled triangle is 9, and the difference 
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Ijetweeti the hTpothenuBe and perpendicular 18. 
Required the sides of the triangle. 

Ans. Base 36, perpendicular 27, and >iypo- 
thenuse 45. 

3^. The difference between the base and perpendi- 
tn^r of a right angled triangle is 9, and the per- 
peiidicQlar let fall nrom the right angle upon the 
nypothenuse 21.6. Required the sides of the triangle; 

Ans. 27. 36, and 45. 

4. The base of a right angled triangle is 40, and 
the ahemate se^ent of the nypothenuse, made bv a 
perpendicular from the right angle upon tiie hypotne- 
nose, 18. Required ihe sides of the triangle. 

Ans. 30, 40^ and 50. 

5. The perimeter of a right angled triangle 
is 144, and its area 864. Require<1 the sides 

Ans. 36, 48, and 60. 

6. The liypothenuse of a right angled triangle is 50, 
and the perpendicular let fall from the right angle 
upon the faypothenuse 24. Required the segments 
made by this perpendicular. 

Ans. 18, and 32. 

7. In alight angled triangle the sum of the greater 
segment, made by a perpendicular let fall from the 
right angle upon the nypothenuse, and the adjacent 
side is 72. Required the sides of the triangle. 

Ans. 30, 40, and 50. 

8. The base of a right angled triangle is 40, and the 
perpendicular 30. Required the length and breadth of 
that inscribed rectangle whicli takes up one-half of the 
area of the triangle. 

Ans. 20, and 15. 

9. The base of a plain triangle is 30, and the per- 
pendicular 20. I^equired the area of the inscribed 
square. 

Ans. 144. 
p 



"-10. Tlite diatoi^t6r of a senidnde^ia^; andthe 
breadth of the inscribed rectangle 6; Required tlie 
area of the rectangle. . < • . ' 

Ans. 96. 

11. The diameter of a semicircle is 10;Jrequlied 
the iecQgth and breadth of that inscribed rectan^e, 
whose area is equal to one third of tibe ai^' of '||e 
s^nicircle. . . ■ * 

Ans. 9.622'? and 1.36035. 

12. The diameter of a semieii'cle is 25,it is.iieqnired 
to find a point in its arc, such, that if lines be orawn 
from the extremities of the diameter to that point, (he 
triangle so formed shall be equal to one-half of the 
semicircle. 

.Ans. 11.2901 fi^om the extremity pf the diameter. 

13. In an isosceles triangle two circles, whoKe dia- 
metera are 8 and 12, touching each other and the 
sides of the triangle. Required the two equal sides. 

Ans. 36.7423 each of the equal sides. 

.. 14» Six equal circles, each two inches in diameter,^ 
are inscribed in an equilateral triangle, touching each 
other and the sides of the triangle. Required each 
side of the triangle. 

Ans. 7.4641016. 

15. The three lines drawn from the angles 6f a 
plain triangle to the middle of the opposite sides are 
18, 24, and 30. Required the sides of the triangle. 

Ans. 34.176; 28.844; and 20. 

16. The difference of the sides of a plain triaj^Ie 
is 405, the difference of the segments of the b4^,49^, 
and the difference between the base and greater ^e 
fljd-. ' 'Required the sides of the triangle. 

Ans. Base 945, greater side 780, and less side 375. 

17. The difference of the sides of a plain triangle 
is 405, the difference of the segments of the base 495, 
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and the perpendicular let fall from the ventkial angle 
300. Kequired the sides. ; • - 

Ans. Base 945^ greater side 780, and less syie,376. 

18. The sum of two sides of a plain triangle is 
115^, the difference 0;f the s^^ments of the base 495, 
and the perpendicular let fall from the vertical angle 
300. Required the sides. 

Ans. Base 945, and the sides 780, and 375. 

■ 19. The area of bl plain triangle is 141750^.. the 
difference of the sides 405, and the difference of the 
segments of the base 495. Required the sides. 

Ans. 945, 780, and 375. 

' 20. What are the dimensions of a right cone of equal 
base and altitude, when its solidity and superficies 
aire the same. - *" . 

Ans. 9.70824 the diameter and altitude. 



■». 



21. A triangular piece of ground, containing- 12150 
jiquare yards, has a spring of water at the right angle, 
trnich runs perpendicularly to the opposite' sid^;' and 
(Crosses it SLtthe distance of 81 yards Kom the nearest 
acute angle. If this piece of ground be drvided by a line 
parallel to the shortest side, so that the trapezium 
may be to the other part as 5 to 4; at what distance 
from the spring will the division liAe cross the 
stream? > . * • n »; •; 

Ans. 100 yards. 

22. Given the three chords of three arches 
completing a semicircle 60, 70, and 80, to find the 
area of the semicircle. 

Ans.. 7731. 94§. 



■ •■ •■■ ■ ■■; i :» 
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23. There are two stone pillars, whose perpendicolttr 
heights are 20 and 30 feet, and the distance between 
them 60 feet. A ladder is to be placed at a certain 
point in the line of distance, of such a length, that 
from thence it may just reach the top of both the pil- 
lars. Where is that point, and what is the length of 
the ladder P 

Ans. 344 feet from the less pillar, and the ladder 
is 39.5899 feet. 

24. The perimeter of a plain tiiangle is 400, and its 
angles as the numbers 1, 2, and 3. Required the 
length of each side. 

^ Ans. 177.96 + ; 142.79+; and 79.247+. 

25. Two persons observing an object, 40 feet in 
height, placed on the top of York Minster, the one 
stood 65^ yards, and the other 86^ yards from it, 
when the object appeared to them both of the same 
magnitude. Required the height of the minster, sup- 
posing the height of each person's eye to be 5} feet. 

Ans. 213.0037 feet. 

26. A gaitleman ordered his goldsmith to make him 
a hemispherical f)owl, one fortieth of an inch thick 
throughout, and of such other dimensions, as to re- 
quire seven times its weight put into it, to immerse it 
in common water just to the brim ; but when made, 
it was found on trial to require one dram avoirdupois 
more than the weight proposed. Now, if the iq)eciiic 
gravity of the met^ was ten times that of water, what 
was the diameter of the bowl ? 

Ans. 11.9027602 inches. 
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